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We provide a systematic study for the accretion of a collisionless, relativistic kinetic gas into a non-
rotating black hole. To this end, we first solve the relativistic Liouville equation on a Schwarzschild
background spacetime. The most general solution for the distribution function is given in terms
of appropriate symplectic coordinates on the cotangent bundle, and the associated observables, in-
cluding the particle current density and stress energy-momentum tensor, are determined. Next, we
explore the case where the flow is steady-state and spherically symmetric. Assuming that in the
asymptotic region the gas is described by an equilibrium distribution function, we determine the
relevant parameters of the accretion flow as a function of the particle density and the temperature
of the gas at infinity. In particular, we find that in the low temperature limit the tangential pressure
at the horizon is about an order of magnitude larger than the radial one, showing explicitly that a
collisionless gas, despite exerting kinetic pressure, behaves very differently than an isotropic perfect
fluid, and providing a partial explanation for the known fact that the accretion rate is much lower
than in the hydrodynamic case of Bondi-Michel accretion. Finally, we establish the asymptotic
stability of the steady-state spherical flows by proving pointwise convergence results which show
that a large class of (possibly nonstationary and nonspherical) initial conditions for the distribution
function lead to solutions of the Liouville equation which relax in time to a steady-state, spherically
symmetric configuration.
PACS numbers: 04.20.-q,04.40.-g, 05.20.Dd
I. INTRODUCTION
The relativistic kinetic theory of gases started over 100 years ago with papers by Ju¨ttner [1, 2] who generalized the
well-known Maxwell-Boltzmann distribution function to the special relativistic case. Over the years, the theory was
further developed and cast into the context of general relativity, see for example [3–6]. By now, the formal structure
of the theory is well understood, and manifestly covariant formulations based on the tangent bundle associated
with the spacetime manifold have been given which exploit their natural metric and symplectic structures, see for
instance [7–12] and references therein.
Recently, there has been a growing interest in applications of the theory, both from a mathematical and an astro-
physical point of view. From the point of view of mathematical relativity, there has been a lot of activity in studying
the qualitative properties of the solutions of the Einstein-Liouville system1 of equations, describing a self-gravitating
collisionless gas, see [13] for a recent review on this topic. These studies include the analysis of the well posedness of
the Cauchy problem and the existence of global in time solutions and their asymptotic properties with applications
to the nonlinear stability of Minkowski spacetime [14–17] and the future stability of the Universe [18–20]. Other
works analyze the complete gravitational collapse of a collisionless kinetic gas (see for instance [21–23] and [24] and
references therein for numerical work on critical collapse), which constitutes a more general model than the simple
dust collapse one which, as is well-known, leads to the formation of naked shell-focusing singularities [25–27]. Further
mathematical results establish the existence of static, spherically symmetric solutions [28–30] (see [31] for related nu-
merical work) or axisymmetric solutions which are either static or stationary (see [32, 33] for recent work and [34] for a
related numerical study). A further interesting, more difficult problem is the stability analysis of these solutions. For
a numerical investigation in spherical symmetry, see [35]. For work on the relativistic Boltzmann equation including
the collision term, see for instance [36–38].
Regarding applications towards astrophysics, the relativistic kinetic theory of gases is playing an increasingly im-
portant role in view of recent and near-future observations of supermassive black holes in the center of galaxies, like
the ones in the Milky Way and M87, at scales smaller than their gravitational radius [39]. These observations often re-
quire specific models for describing the matter and plasma surrounding such black holes, and clearly a fully consistent
description should be based on a general relativistic formulation. Other astrophysical applications of the relativistic
1 In this article, we denote by the “Liouville equation” the collisionless Boltzmann equation, which is also known as the “Vlasov equation”
in the literature.
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2kinetic theory include the description of a distribution of stars around a supermassive black hole (see [40, 41] for
standard references based on the Newtonian approximation and [42] for a relativistic treatment based on N -body
simulations) and the modeling of dark matter (see, for instance [43]). The relativistic Boltzmann equation also plays
an important role in the modeling of the early Universe [44]; see also [45, 46] for related recent analytic work.
Although none of these astrophysical applications will be directly addressed in the present work (only a simpler
astrophysical example will be discussed in section V), they serve as a motivation for a thorough mathematical investi-
gation for the propagation of a relativistic kinetic gas on a curved spacetime geometry. In this work, we initiate such a
systematic study for the case in which the spacetime is generated by an isolated black hole. More specifically, we work
under the assumption that the gas is sufficiently diluted for its self-gravity to be neglected. Assuming that no other
matter sources are present and that the accretion rate is small enough such that the black hole can be considered to
be stationary, the no-hair theorems [47] imply that the spacetime geometry belongs to the two-parameter family of
Kerr solutions, which are characterized by their mass and angular momentum. For simplicity, we further assume that
the rotation of the black hole can be neglected, in which case the background spacetime reduces to the Schwarzschild
geometry. Finally, we work on the hypothesis that collisions between the gas particles can be neglected. Therefore,
the gas in our model is described by a one-particle distribution function satisfying the relativistic Liouville equation
on a Schwarzschild background. A study towards more realistic models relaxing some of these assumptions will be
provided in future work.
The main results presented in this article are the following: (i) we derive the most general collisionless distribution
function on a Schwarzschild background. This derivation is based on the theory of integrable Hamiltonian systems and
parallels the earlier presentation in [12] for the Kerr background. However, in contrast to the result derived in [12],
here we also compute the spacetime observables (namely, the current density and the stress energy-momentum tensor).
Furthermore, in this work the distribution function and the observables are expressed in terms of horizon-penetrating
coordinates which facilitates their interpretation on the horizon. We emphasize that although the spacetime metric
is static and spherically symmetric, our solutions for the distribution function and the corresponding observables
do not necessarily posses any symmetries (in particular they could be time-dependent and nonspherical). (ii) As a
specific example of astrophysical interest, we specialize our result to the case where the distribution function is static
and spherically symmetric and we provide explicit expressions for the observables assuming that in the asymptotic
region the distribution function is described by an equilibrium distribution function. Next, we apply these results
to the spherical accretion problem and compute the accretion and compression rates of the gas. Finally, in the low-
temperature limit, we compare our results to previous calculations based on the Newtonian approximation [48, 49]
and find agreement. By computing the radial and tangential pressures at the horizon, we also shed light on the
reason for which the accretion rate is much lower than in the corresponding Bondi-Michel accretion models [50–52]
in the hydrodynamic case. (iii) Finally, we study the nonlinear stability of the static, spherically symmetric solutions
described in (ii). To this end, we consider initial data for the distribution function on a hypersurface in phase space of
constant time t which is not necessarily spherically symmetric, but converges (in an appropriate sense) to a function
f∞(E) depending only on the energy E of the gas particles in the asymptotic region r →∞. Further assuming that
this initial distribution function is uniformly bounded by an equilibrium distribution function and only populates
unbounded trajectories, we analyze the behavior of the observables along the world lines of future-directed timelike
observers reaching timelike infinity. Assuming that these observers have a constant asymptotic, purely radial velocity,
we prove that the components of the particle current density and stress energy-momentum tensor with respect to
a Fermi-propagated frame converge pointwise to those computed from f∞(E), thus establishing the stability of the
static, spherically symmetric solution belonging to f∞(E). In particular, the observables decay pointwise to zero if
f∞ = 0, meaning that in this case the gas disperses completely.
The remainder of this article is organized as follows. In section II we provide a brief review of the geometrical
structures that are relevant for the formulation of relativistic kinetic theory in this work. Contrary to many previous
works in the literature which are based on the tangent bundle TM , in this article we find it more convenient to
formulate the theory on the cotangent bundle T ∗M associated with the spacetime manifold (M, g) since it is more
naturally adapted to the Hamiltonian formalism on which this work is based. Our review includes a discussion of the
symplectic form and the Liouville vector field on T ∗M and the properties of the complete lift ξˆ of a Killing vector field
ξ on (M, g). These notions from classical Hamiltonian mechanics are key for the construction of the new symplectic
coordinates (Qµ, Pµ), µ = 0, 1, 2, 3, which are required for the explicit representation formula of the distribution
function.
Next, in section III, we analyze in detail the structure of the invariant submanifolds of T ∗M which are determined
by the constants of motion. An important part of our analysis is the restriction of the phase space to unbounded
trajectories emanating from the asymptotic region which are relevant for the accretion process. Exploiting the fact
that the geodesic motion in the Schwarzschild spacetime constitutes an integrable Hamiltonian system, we derive the
most general solution of the Liouville equation on a Schwarzschild background in horizon-penetrating coordinates.
In general, this solution depends on the seven phase space variables (Q1, Q2, Q3, Pµ); hence, it does not need to be
3stationary nor spherically symmetric. However, a time-independent and spherical distribution function is obtained
after requiring the distribution function to be invariant with respect to the complete lifts of the Killing vector fields
of the Schwarzschild spacetime. In this case, the distribution function depends only on the mass, energy and total
angular momentum of the particle.
Next, in section IV we specify the observables on the spacetime manifold M which, at each x ∈ M , are obtained
from a fibre integral of the distribution function over the canonical momentum p ∈ T ∗xM . Besides giving results which
are applicable to the general solution of the Liouville equation, we also specialize these expressions to the case where
the distribution function depends only on the energy E of the gas particles, in which case the fibre integrals simplify
considerably. Furthermore, we compare the structure of the observables to those belonging to an isotropic, perfect
fluid.
In section V we apply our results to the accretion problem. First, we focus on the spherical, steady-state case in
which all the gas particles have the same rest mass. Further, we assume that the gas is in thermodynamic equilibrium
at temperature T at infinity, implying that the distribution function is proportional to e
− EkBT , with kB Boltzmann’s
constant. We compute the particle and energy fluxes jn and jε, respectively, and also the particle density n∞, energy
density ε∞ and pressure p∞ at infinity which, as a consequence of our assumptions, obey the ideal gas equation. Next,
we calculate the radial and tangential kinetic pressure of the gas, prad and ptan, and the particle and energy densities
nH and εH on the horizon. In particular, we note that in the low temperature limit the tangential pressure is almost
ten times larger than the radial one, implying that the gas does not behave as an isotropic perfect fluid at the horizon,
although it does so in the asymptotic region. The fact that the tangential pressure becomes more important as the
horizon is approached fits well with the known fact that the accretion rate for a collisionless gas is much lower than
in the hydrodynamic case.
Second, in section V we present a study for the stability of the steady-state, spherical accretion flow. In order to
achieve this, it is necessary to relax the symmetry assumptions on the distribution function, and our only essential
hypothesis is that the distribution function is bounded by an equilibrium distribution function and that it converges to
some functions f±∞(E) of the energy E when r →∞ along the initial time slice t = 0 in phase space, where the ± sign
refers to the sign of the radial velocity of the particles at infinity. Using Lebesgue’s dominated convergence theorem,
we compute the asymptotic behavior of the components of the observables with respect to a Fermi-propagated frame
along the world lines of timelike observers. For static observers, we prove that the observables converge pointwise
to the corresponding static and spherical observables associated with the asymptotic function f−∞(E). For outgoing
timelike observers with asymptotically constant, purely radial velocity, we show that the observables also converge to
those describing a stationary and spherically symmetric gas; however, in this case the result depends on both f−∞(E)
and f+∞(E). For the physically most relevant case f−∞ = f+∞ in which the asymptotic distribution function does
not discriminate between in- and outgoing particle, our result implies the asymptotic stability of the steady-state,
spherical accretion flow.
Finally, conclusions and an outlook on future work are given in section VI. Technical details, calculations and proofs
of certain auxiliary results are given in appendices.
With the exception of some results given in section V A regarding the steady-state, spherical accretion configurations,
throughout this work we use geometrized units where the gravitational constant and speed of light are set equal to one.
(M, g) denotes a smooth, four-dimensional Lorentzian manifold where we adopt the signature convention (−,+,+,+)
for the metric. We denote by X (M) the class of smooth vector fields on the differentiable manifold M . For X ∈ X (M)
the symbols iX and £X denote, respectively, the inner product and Lie derivative with respect to X.
II. RELATIVISTIC KINETIC THEORY ON THE COTANGENT BUNDLE
The purpose of this section is to provide a brief review for the formal structure of relativistic kinetic theory and to
fix the notation used in this article. For more detailed reviews we refer the reader to the early work by Ehlers [8] and
to the more recent work in [10, 12] and references therein.
A. Relativistic phase space
Kinetic theory is based on the assumption that the ensemble-averaged properties of the gas can be described by a
one-particle distribution function f . Accordingly, f : Γ→ R is a nonnegative function on the one-particle phase space
Γ (the “(q, p)-space” at each fixed time). In the relativistic case, Γ is a subset of the cotangent bundle
T ∗M := {(x, p) : x ∈M,p ∈ T ∗xM} (1)
4associated with the spacetime manifold M which consists of points of the form (x, p), where x ∈M is spacetime event,
and p ∈ T ∗xM is a co-vector at this event, representing the canonical momentum of the gas particle at x. Instead of
working on the cotangent bundle, one usually formulates kinetic theory on the tangent bundle TM , where p ∈ TxM is
a tangent vector at x, representing the physical momentum of the particle. Since the present article is strongly based
on the Hamiltonian formulation, the choice of the cotangent bundle is more natural. However, we stress that both
formulations are equivalent because of the existence of the spacetime metric g which provides a natural isomorphism
between TM and T ∗M .
We recall:
Lemma 1 Let M be a n-dimensional differentiable manifold (orientable or not). Then, T ∗M is a 2n-dimensional
differentiable and orientable manifold.
Proof. The proof is standard (see, for example [12, 53] for the tangent bundle case). Given local coordinates (xµ)
on M one defines corresponding adapted local coordinates (xµ, pµ) on T
∗M by expanding each p ∈ T ∗xM in the form
p = pµdx
µ
x. Taking an atlas of local coordinate charts on M one obtains a corresponding atlas on T
∗M , and it is
simple to verify that all the transition maps are differentiable and have unit determinant, implying that the transition
maps are volume and orientation-preserving. As we will see shortly, this property stems from the fact that the adapted
local coordinates (xµ, pµ) are symplectic coordinates.
For the following, we assume that spacetime (M, g) is time-oriented and that all gas particles have positive mass.
In this case, the one-particle phase space is the following submanifold of T ∗M :2
Γ := {(x, p) ∈ T ∗M : p future-directed timelike}.
If one further assumes that all the gas particles have the same positive rest mass m > 0, one obtains instead the mass
shell
Γm := {(x, p) ∈ T ∗M : g−1x (p, p) = −m2, p future-directed}.
For generality, in this article we mostly work on Γ although in some applications towards the end we consider a simple
gas, that is, a kinetic gas composed of identical particles of the same positive rest mass in which case we restrict
ourselves to Γm.
B. Symplectic structure and Liouville vector field
The cotangent space T ∗M admits a natural symplectic structure which can be described as follows. First, the
Poincare´ (or canonical) one-form on T ∗M is introduced, which is defined by
Θ(x,p)(X) := p
(
dpi(x,p)(X)
)
, X ∈ X (T ∗M), (2)
where here pi : T ∗M →M , (x, p) 7→ x is the natural projection map and dpi(x,p) : T(x,p)(T ∗M)→ TxM its differential
at (x, p). In adapted local coordinates,
Θ(x,p) = pµdx
µ
(x,p).
Its exterior differential
Ωs := dΘ = dpµ ∧ dxµ
is seen to define a symplectic structure on T ∗M , that is, a closed, non-degenerated two-form on T ∗M . This symplectic
structure allows one to assign to any function H on T ∗M a unique vector field XH ∈ X (T ∗M) called the associated
Hamiltonian vector field which is defined by
dH = −iXHΩs = Ωs(·, XH). (3)
2 We define p ∈ T ∗xM to be future-directed timelike if the corresponding tangent vector g−1x (p, ·) ∈ TxM is future-directed timelike.
5In adapted local coordinates (xµ, pµ) one has
XH =
∂H
∂pµ
∂
∂xµ
− ∂H
∂xµ
∂
∂pµ
,
and the integral curves γ(λ) of XH are described by Hamilton’s equations
dxµ
dλ
(λ) =
∂H
∂pµ
(γ(λ)),
dpµ
dλ
(λ) = − ∂H
∂xµ
(γ(λ)). (4)
The Poisson bracket between two smooth functions F,G : T ∗M → R on the cotangent bundle is defined as
{F,G} := Ωs(XF , XG) = −dF (XG) = dG(XF ). (5)
In particular when G = H is the Hamiltonian of the system, it follows that {F,H} = 0 if and only if F is constant
along the Hamiltonian flow, which is the case if and only if H is invariant under the canonical flow generated by F .
For later use we also note the identity3
[XF , XG] = X{F,G}. (6)
Of particular interest to this article is the free-particle Hamiltonian
H(x, p) :=
1
2
g−1x (p, p) =
1
2
gµν(x)pµpν ;
the associated Hamiltonian vector field L := XH is called the Liouville vector field, and in adapted local coordinates
it reads
L = gµν(x)pν
∂
∂xµ
− 1
2
pαpβ
∂gαβ(x)
∂xµ
∂
∂pµ
.
The corresponding integral curves, when projected onto (M, g), describe spacetime geodesics. For a given positive
mass m > 0, the Liouville vector field L at each point (x, p) ∈ Γm of the mass shell Γm is nonvanishing and tangent
to Γm. Therefore, when restricted to the relativistic phase space Γ the Liouville vector field does not have any critical
points, and the projections of the integral curves of L describe future-directed timelike geodesics of (M, g).
The Liouville equation, which describes the evolution of a collisionless distribution function f : Γ→ R is
L[f ] = 0. (7)
In the next section, we find the most general solution of this equation for the case where (M, g) describes the geometry
of a Schwarzschild black hole. This will be achieved by introducing new symplectic coordinates on Γ which trivialize
the Liouville vector field L.
C. Complete lifts of vector fields
Suppose ξ ∈ X (M) is a vector field on spacetime generating a one-parameter group of diffeomorphism ϕλ : M →M .
We may lift ϕλ to a corresponding group ϕˆλ : T ∗M → T ∗M on the cotangent bundle by defining
ϕˆλ(x, p) :=
(
ϕλ(x),
[
(dϕλx)
∗]−1 (p)) , (x, p) ∈ T ∗M,
where dϕλx : TxM → Tϕλ(x)M denotes the differential of the map ϕλ at x and (dϕλx)∗ : T ∗ϕλ(x)M → T ∗xM its adjoint.
It is simple to verify that ϕˆ0 is the identity map on T ∗M and that ϕˆλ ◦ ϕˆµ = ϕˆλ+µ for all λ, µ ∈ R, and thus ϕˆλ
defines a one-parameter group of diffeomorphism, as claimed. The complete lift of ξ is defined as
ξˆ(x,p) :=
d
dλ
∣∣∣∣
λ=0
ϕˆλ(x, p), (x, p) ∈ T ∗M.
3 See for instance page 217 in Ref. [54].
6Of course, the same definition applies to a vector field ξ ∈ X (M) which only generates a local one-parameter group
of diffeomorhism, and hence the complete lift can be introduced in the same way for any ξ ∈ X (M).
In adapted local coordinates one finds the following explicit expression:
ξˆ(x,p) = ξ
µ(x)
∂
∂xµ
∣∣∣∣
(x,p)
− pα ∂ξ
α
∂xµ
(x)
∂
∂pµ
∣∣∣∣
(x,p)
, ξx = ξ
µ(x)
∂
∂xµ
∣∣∣∣
x
. (8)
The most important properties of the complete lift are summarized in the following proposition.
Proposition 1 (cf. Proposition 5 and Lemmas 9 and 10 in [12] and Lemma C.9 in [16])
(i) The complete lift preserves the Lie-brackets, that is [ξˆ, ηˆ] = ζˆ with ζ = [ξ, η] for all ξ, η ∈ X (M).
(ii) If ξ ∈ X (M), then ξˆ is the infinitesimal generator of a symplectic flow on T ∗M , that is, £ξˆΩs = 0. Moreover,
ξˆ = XF , F := Θ(ξˆ) = p(ξ),
which shows that this flow is generated by the function F = p(ξ).
(iii) Let ξ ∈ X (M) and m > 0. Then, ξˆ is tangent to the mass shell Γm at each point (x, p) ∈ Γm if and only if ξ is
a Killing vector field of (M, g).
Remarks:
1. Unlike the tangent bundle formulation (see Proposition 5 in [12]), in the cotangent bundle formulation the vector
field ξ is not required to be a Killing vector field in order for ξˆ to generate a symplectic flow.
2. If ξ ∈ X (M) is a Killing vector field of (M, g), the properties (ii) and (iii) of the proposition imply that
{F,H} = dH(XF ) = dH(ξˆ) = £ξˆH = 0,
and thus F is conserved along the Liouville flow. In this case it follows that the Hamiltonian vector fields
XF = ξˆ and XH = L associated with F and H commute, see equation (6):
[ξˆ, L] = 0.
Proof of Proposition 1. Property (i) can be verified by a straightforward calculation using equation (8). As for
(ii) and (iii) we first calculate
iξˆΩs = iξˆ(dpµ ∧ dxµ) = dpµ(ξˆ)dxµ − dxµ(ξˆ)dpµ.
Using the coordinate expression (8) for ξˆ we obtain
iξˆΩs = −pα
∂ξα
∂xµ
dxµ − ξµdpµ = −d(pαξα) = −dF,
which shows (ii). In particular, the fact that dΩs = 0 implies
£ξˆΩs = (diξˆ + iξˆd)Ωs = −d(dF ) = 0.
Finally, we note that since Γm is a level surface of the free-particle Hamiltonian H, ξˆ is tangent to Γm if and only
if £ξˆH = dH(ξˆ) = 0 at each (x, p) ∈ Γm. On the other hand, the definition of the Liouville vector field and (ii) imply
that
dH(ξˆ) = iξˆΩs(L) = −pα
∂ξα
∂xµ
gµβpβ + ξ
µ 1
2
pαpβ
∂gαβ
∂xµ
=
1
2
pαpβ(£ξg
αβ).
Hence, if ξ is a Killing vector field of (M, g) then dH(ξˆ) = 0 and ξˆ is tangent to Γm. Conversely, if dH(ξˆ) = 0 at
each point (x, p) ∈ Γm then, for any x ∈M it follows that pαpβ(£ξgαβ) = 0 for all future-directed timelike covectors
p ∈ T ∗xM normalized such that g−1x (p, p) = −m2, which implies that £ξgαβ(x) = 0, and thus that ξ is a Killing vector
field on (M, g).
7As an example which will turn out to be relevant for the next section, consider a spherically symmetric, four-
dimensional spacetime (M, g). In terms of standard spherical coordinates, the infinitesimal generators ξ1, ξ2, ξ3 of
the action of the rotation group SO(3) on M can be represented in the following way:
ξ1 + iξ2 = e
iϕ
(
i
∂
∂ϑ
− cotϑ ∂
∂ϕ
)
, (9)
ξ3 =
∂
∂ϕ
. (10)
They satisfy the commutation relations [ξ1, ξ2] = −ξ3 (and cyclic permutations of 123) and are tangent to the invariant
two-spheres (the orbits of the rotation group). The associated conserved quantities are
`1 + i`2 := p(ξ1 + iξ2) = e
iϕ (ipϑ − cotϑpϕ) , (11)
`3 := p(ξ3) = pϕ, (12)
and consequently, the total angular momentum
` :=
√
`21 + `
2
2 + `
2
3 =
√
p2ϑ +
p2ϕ
sin2 ϑ
,
is also conserved along the Liouville flow. The complete lifts of the vector fields ξa on T
∗M are given by
ξˆ1 + iξˆ2 = e
iϕ
[
i
∂
∂ϑ
− cotϑ ∂
∂ϕ
− pϕ
sin2 ϑ
∂
∂pϑ
+ (pϑ + i cotϑpϕ)
∂
∂pϕ
]
, (13)
ξˆ3 =
∂
∂ϕ
. (14)
They satisfy the same commutation relations as the ξa’s; however, now the three vector fields ξˆ1, ξˆ2, ξˆ3 are pointwise
linearly independent, which means that the orbits of SO(3) in T ∗M are three-dimensional submanifolds (as opposed
to the orbits in M which are two-dimensional). Therefore, a function on T ∗M which is invariant with respect to
SO(3) is subject to three independent constraints, whereas a SO(3)-invariant function on M is only subject to two.
Finally, note that since d(`2) = 2(`1d`1 + `2d`2 + `3d`3) the Hamiltonian vector field associated with the square of
the total angular momentum is
X`2 = 2
(
`1ξˆ1 + `2ξˆ2 + `3ξˆ3
)
.
III. GENERAL SOLUTION OF THE LIOUVILLE EQUATION ON A SCHWARZSCHILD
BACKGROUND
In this section, we discuss the most general solution of the Liouville equation (7) describing the accretion into a
Schwarzschild black hole. This is achieved using standard techniques from the classical theory of integrable systems,
see for example [54].
A. Horizon-penetrating coordinates
In standard coordinates (t¯, r, ϑ, ϕ) the Schwarzschild metric describing a black hole of mass MH > 0 is given by
g = −N(r)dt¯2 + dr
2
N(r)
+ r2
(
dϑ2 + sin2 ϑ dϕ2
)
, N(r) := 1− 2MH
r
.
Since in this work we shall be interested in computing the observables associated with the kinetic gas in the exterior
region r > 2MH as well as on the future horizon, for what follows we work in regular coordinates (t, r, ϑ, ϕ). Here,
the new time coordinate t is defined by
t = t¯+
r∫ [
1
N(r)
− η(r)
]
dr,
8with a smooth function η : (0,∞)→ R. In terms of the new coordinates, the metric takes the form
g = −Ndt2 + 2(1−Nη)dtdr + η(2−Nη)dr2 + r2 (dϑ2 + sin2 ϑ dϕ2) ,
and there are no coordinate singularities for r > 0 except at the poles ϑ = 0, pi.4 Here, the function η reflects the
freedom in choosing the foliation of the Schwarzschild spacetime which is regular at the future horizon. When η = 0
the surfaces of constant time t are incoming null surfaces and the corresponding coordinates (t, r, ϑ, ϕ) are called
(ingoing) Eddington-Finkelstein coordinates (see for instance Ref. [55]). When η(2 − Nη) > 0 the constant time
surfaces are spacelike. Some interesting choices which have been considered in the literature are:
• Painleve´-Gullstrand coordinates (see for example Ref. [56]): η = [1 +√1−N ]−1.
• Analytic trumpet slices that were recently proposed in [57]:
η(r) =
r2
r −R0
1
r −R0 +
√
2(MH −R0)r +R20
, r > R0,
with R0 a free parameter satisfying 0 < R0 ≤ MH . In this case the function η is only defined on the interval
(R0,∞), but otherwise it satisfies all the required properties mentioned above. Replacing r with the new radial
coordinate ρ = r −R0 (denoted by r in [57]) leads to spatially homogenous coordinates.
For the calculations below, we shall focus on the simple case η = 1, in which the inverse metric reads
g−1 = −
(
1 +
2MH
r
)
∂
∂t
⊗ ∂
∂t
+
4MH
r
∂
∂t
⊗s ∂
∂r
+
(
1− 2MH
r
)
∂
∂r
⊗ ∂
∂r
+
1
r2
(
∂
∂ϑ
⊗ ∂
∂ϑ
+
1
sin2 ϑ
∂
∂ϕ
⊗ ∂
∂ϕ
)
, (15)
where ⊗s denotes the symmetrized tensor product.
From now on, we consider the region M of the (extended) Schwarzschild manifold which is covered by the horizon-
penetrating coordinates (t, r) with t ∈ R and r > 0.
B. Hamiltonian flow, conserved quantities and invariant submanifolds
The free-particle Hamiltonian computed from the inverse metric (15) is
H(x, p) =
1
2
[
−
(
1 +
2MH
r
)
p2t +
4MH
r
ptpr +
(
1− 2MH
r
)
p2r +
1
r2
(
p2ϑ +
p2ϕ
sin2 ϑ
)]
. (16)
Since the underlying spacetime is stationary and spherically symmetric, the following quantities are conserved along
the particle trajectories:
m =
√−2H (rest mass), (17)
E = −pt (energy), (18)
`z = pϕ (azimutal angular momentum), (19)
` =
√
p2ϑ +
p2ϕ
sin2 ϑ
(total angular momentum). (20)
Accordingly, we introduce the smooth functions F0, F1, F2, F3 : T
∗M → R on the cotangent bundle defined by5
F0(x, p) := −H(x, p), F1(x, p) := −pt, F2(x, p) := pϕ, F3(x, p) := p2ϑ +
p2ϕ
sin2 ϑ
. (21)
4 These coordinate singularities can be removed by replacing (r, ϑ, ϕ) with Cartesian-like coordinates (x, y, z) =
r(cosϕ sinϑ, sinϕ sinϑ, cosϑ).
5 With respect to Cartesian-like coordinates, one can rewrite pϕ = xpy−ypx and `2 = |(x, y, z)∧ (px, py , pz)|2 with ∧ denoting the vector
product, which shows that these quantities are indeed smooth functions on T ∗M .
9It is not difficult to verify that these quantities Poisson-commute with each other:
{Fα, Fβ} = 0, α, β = 0, 1, 2, 3.
For the following, we consider for each given value of (m,E, `z, `) the (possibly empty) subset
Γm,E,`z,` :=
{
(x, p) ∈ Γ : F0(x, p) = 1
2
m2, F1(x, p) = E,F2(x, p) = `z, F3(x, p) = `
2
}
of the one-particle phase space Γ. By construction, these sets are invariant under the Hamiltonian flow. The main
result of this subsection is the following:
Proposition 2 Suppose that E > m > 0 and that |`z| < `. In addition, suppose that the condition ` 6= `c(E) holds
(see below for the definition of `c(E)). Then, Γm,E,`z,` is a smooth, four-dimensional submanifold of Γ which is
invariant with respect to the Hamiltonian flows associated with F0, F1, F2 and F3. It consists of three connected
components, each of which has the topology R2 × S1 × S1.
Furthermore, the restriction of the Poincare´ one-form Θ defined in equation (2) on Γm,E,`z,` is closed.
In order to prove the proposition, we separate the adapted local coordinates (xµ, pµ) into the conjugate pairs (t, pt),
(ϕ, pϕ), (ϑ, pϑ), (r, pr) and notice that Γm,E,lz,` consists of those points of Γ for which these pairs fulfill the following
restrictions:
(t, pt) : pt = −E, (22)
(ϕ, pϕ) : pϕ = `z, (23)
(ϑ, pϑ) : p
2
ϑ +
`2z
sin2 ϑ
= `2, (24)
(r, pr) :
(
1− 2MH
r
)
p2r −
4MH
r
Epr −
(
1 +
2MH
r
)
E2 +m2 +
`2
r2
= 0. (25)
From these conditions it is clear that the time coordinate t and the azimutal angle ϕ are free, whereas for 0 < |`z| < `
the pair (ϑ, pϑ) is confined to a closed curve in the (ϑ, pϑ)-plane which winds around the equilibrium point (ϑ, pϑ) =
(pi/2, 0), see figure 1.6
γ(ϑ,pϑ)
FIG. 1: Phase diagram illustrating the projection of the invariant sets onto the (ϑ, pϑ)-plane. Here, we use the dimensionless
variables piϑ = pϑ/(MHm) and λ = `/(MHm) and rescaled the variables such that `z = MHm. When λ→ 1 the curves shrink
to a point, corresponding to motion confined to the equatorial plane ϑ = pi/2.
Next, let us analyze the set in the (r, pr)-plane described by equation (25) in more detail. Multiplying both sides
of equation (25) by N(r) = 1− 2MH/r and assuming that N(r) 6= 0 we can rewrite this equation as[(
1− 2MH
r
)
pr − 2MH
r
E
]2
+ Vm,`(r) = E
2, (26)
6 The exceptional cases `z = 0 and `z = ±` correspond, respectively, to motion confined in a plane which contains de z axis and to motion
in the equatorial plane, see Lemma 2 below for more information on these cases. Since they give rise to zero measure sets in the phase
space, we will not consider these particular cases further.
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with the effective potential
Vm,`(r) =
(
1− 2MH
r
)(
m2 +
`2
r2
)
. (27)
By Hamilton’s equations the particle’s radial velocity is
r˙ :=
dr
dλ
=
∂H
∂pr
=
(
1− 2MH
r
)
pr +
2MH
r
pt =
(
1− 2MH
r
)
pr − 2MH
r
E,
so as long as N(r) 6= 0 the set defined by equation (25) is equivalent to r˙2 + Vm,`(r) = E2, and the sign of the
expression inside the square parenthesis in equation (26) determines whether the particle is incoming or outgoing. In
the (r, pr)-plane, equation (25) can be written as
pr = pr±(r) :=
2MH
r E ±
√
E2 − Vm,`(r)
N(r)
, (28)
where the ± sign corresponds to the one of r˙.
The properties of the set in the (r, pr) plane described by equation (25) thus depend on the shape of the effective
potential and the value of E. Since we are only interested in particle trajectories that emanate from the asymptotic
region r → ∞, and since the linear momentum p of the particle is restricted to be future-directed, we assume
E > m > 0 in what follows. For a given E > m, denote by `c(E) the value of ` for which Vm,` has a centrifugal
barrier whose maximum is equal to E2, see App. A for details and explicit expressions. We distinguish between the
following two cases:
(I) Absorbed particles 0 < ` < `c(E). In this case, the trajectories describe incoming particles from infinity which
are absorbed by the black hole (negative values of r˙) or particles which emanate from the white hole and escape
to infinity (positive values of r˙). There are also other trajectories which take place entirely inside the black hole
(see figure 2) and will not be considered further. For the purpose of the present article, we focus on the first
kind of trajectories which consist of open lines in the (r, pr)-plane.
(II) Scattered particles ` > `c(E). This corresponds to trajectories which are incoming from infinity, but in contrast
to the previous case they carry enough angular momentum to be reflected at the potential barrier and so they
escape again to infinity. There are also two further open lines corresponding to particles that are emitted from
the white hole and reabsorbed by the black hole, or particle trajectories taking place entirely inside the black
hole (see figure 2) that will not be considered further for our purposes.
To conclude the proof of Proposition 2, we show in the next lemma that the differentials dF0, dF1, dF2, and dF3
are linearly independent at each point of Γm,E,`z,`, implying that Γm,E,`z,` is a four-dimensional submanifold of Γ
with linearly independent tangent vector fields XF0 , XF1 , XF2 , and XF3 . Since Ωs(XFα , XFβ ) = {Fα, Fβ} = 0 it then
follows that the restriction of Ωs = dΘ to Γm,E,`z,` vanishes.
Lemma 2 Let E,m > 0. The differentials dF0, dF1, dF2 and dF3 are linearly independent from each other unless
one of the following two cases occur:
(a) Motion confined to the equatorial plane: |`z| = `,
(b) Circular trajectories:
Vm,`(r) = E
2,
d
dr
Vm,`(r) = 0.
Proof. We first note that dF1 = −dpt 6= 0, dF2 = dpϕ 6= 0. Next, we compute7
dF3 = 2
(
pϑdpϑ − `
2
z
sin2 ϑ
cotϑdϑ+ `z
dF2
sin2 ϑ
)
,
7 Note that sinϑ 6= 0 as long as `z 6= 0. When `z = 0 we can use Cartesian coordinates at the poles to show that dF3 is linearly
independent of dF2.
11
FIG. 2: Phase diagrams illustrating the projection of the invariant sets onto the (r, pr)-plane. Left panel: v = r˙/m vs. ξ = r/MH
for different energy levels E and ` = 6MHm. The black curve in the region v < 0 corresponds to an incoming particle from
infinity which is absorbed by the black hole (case (I)), while the black curve in the region v > 0 describes an outgoing particle
that is emitted from the white hole and escapes to infinity. The red curve in the region ξ > 6 describes a particle that is
incoming from infinity but has large enough angular momentum ` > `c(E) to be reflected at the potential barrier (case (II)),
and the red curve in the region ξ < 3 describes a particle that is emitted by the white whole, is reflected at the potential
barrier and absorbed by the black hole. The blue curve describes the separatrix and corresponds to the energy level E such
that `c(E) = `. Right panel: The same situation showing piξ = pr/m vs. ξ = r/MH . Since piξ = (1− 2ξ−1)−1(v + 2E/(mξ)),
the curves in the previous diagrams in the region v > 0 split into two separate parts, one of them lying entirely in the region
ξ < 2 and piξ < 0 inside the black hole region.
from which we see that dF2 and dF3 are linearly independent from each other unless pϑ = 0 and ϑ = pi/2, which
corresponds to case (a). Finally, computing
dF0 =
[(
1 +
2MH
r
)
E +
2MH
r
pr
]
dF1 −
[(
1− 2MH
r
)
pr − 2MH
r
E
]
dpr − 1
2r2
dF3
−
[
MH
r
(E + pr)
2 − `
2
r2
]
dr
r
we see that dF0 is linearly independent from dF1, dF2 and dF3 unless(
1− 2MH
r
)
pr − 2MH
r
E = 0,
MH
r
(E + pr)
2 − `
2
r2
= 0.
A short calculation reveals that these conditions are equivalent to (b).
Remarks:
1. In the following, we restrict ourselves to the subset Γaccr of the relativistic one-particle phase space Γ which
consists of the union of those invariant submanifolds Γm,E,`z,` corresponding to the cases (I) and (II) discussed
above. This is the relevant submanifold describing the accretion of a collisionless kinetic gas into a Schwarzschild
black hole.
2. Note that the subset Γaccr does not include the bounded trajectories, which are contained in those invariant
submanifolds Γm,E,`z,` for which
√
8/9 < E/m < 1 and `c(E) < ` < `ub(E), see App. A. In this case, Γm,E,`z,`
have topology R× S1 × S1 × S1. This case will be considered in separate work [58].
3. The subset Γaccr does not include those particle trajectories that emanate from the white hole either, since they
are not relevant for the accretion of a collisionless gas.
In the next subsection, we shall construct new symplectic coordinates (Qµ, Pµ) on Γaccr which are adapted to the
invariant submanifolds Γm,E,`z,` and which trivialize the Liouville vector field L.
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C. New symplectic coordinates adapted to the invariant submanifolds
Following [54] we construct new symplectic local coordinates (Qµ, Pµ) on Γaccr from the generating function
S(x;m,E, `z, `) :=
∫
γx
Θ, (29)
where Θ is the Poincare´ one-form defined in equation (2) and the line integral is performed over a curve γx which
is confined to the invariant submanifold Γm,E,`z,`, see figure 3. This curve γx connects a fixed reference point
(x0, p0) ∈ Γm,E,`z,` to a point in the intersection between Γm,E,`z,` and the fibre pi−1(x) over x ∈ M . We choose
the reference point (x0, p0) as the one parametrized by (t, pt) = (0,−E), (ϕ, pϕ) = (0, `z), (ϑ, pϑ) = (pi/2,
√
`2 − `2z)
and (r, pr) = (r0, pr−(r0)), where the function pr−(r) is defined in equation (28) and r0 = 2MH in case (I) and r0
corresponds to the turning point in case (II).
(x0, p0)
γx
M
x
π−1(x)
Γm,E,ℓz,ℓ
FIG. 3: Illustration showing the invariant submanifold Γm,E,`z` and the curve γx connecting the reference point (x0, p0) to a
point in the intersection between Γm,E,`z ,` and the fibre pi
−1(x) over x ∈M .
Since the restriction of Θ to Γm,E,`z,` is closed, the value of S(x;m,E, `z, `) is independent of deformations of the
curve γx within Γm,E,`z,` which leave its endpoints fixed. On the other hand, the value of S(x;m,E, `z, `) does depend
on how many times and in which direction the curve γx winds around the two cycles S
1 of Γm,E,`z,`. To analyze this
dependency in more detail and in order to obtain a more explicit expression for the generating function we recall that
in adapted local coordinates the Poincare´ one-form reads Θ = pµdx
µ. Consequently,
S(x;m,E, `z, `) = −Et+ `zϕ+
r∫
r0
prdr +
ϑ∫
pi/2
pϑdϑ.
Here, it is important to notice that the last two integrals should be interpreted as line integrals. The first integral
is a line integral along the projection γ(r,pr) of the curve γx onto the (r, pr)-plane, while the second integral is a line
integral (oriented clockwise) along the projection γ(ϑ,pϑ) of γx onto the (ϑ, pϑ)-plane, see figure 1.
It is clear that S changes by the additive constant 2pi`z under a full revolution ϕ → ϕ + 2pi about the z-axis.
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Likewise, under a full clockwise revolution along the curve γ(ϑ,pϑ), S increases by
8
∆S = 4
ϑmax(`z,`)∫
pi/2
√
`2 − `
2
z
sin2 ϑ
dϑ = 2pi(`− |`z|),
where ϑmax(`z, `) > pi/2 is the angle corresponding to the turning point, such that sinϑmax(`z, `) = `z/`. It follows
from these observations that the quantities `z and `− |`z| are action variables [54].
The function S defined in equation (29) generates new symplectic coordinates (Qµ, Pµ) as follows: the coordinates
Pµ are defined by the conserved quantities:
P0 :=
√
2F0 =
√−2H, (30)
P1 := F1 = −pt, (31)
P2 := F2 = pϕ, (32)
P3 :=
√
F3 =
√
p2ϑ +
p2ϕ
sin2 ϑ
, (33)
such that each invariant set Γm,E,`z,` is parametrized simply by P0 = m, P1 = E, P2 = `z and P3 = `. The
corresponding Q variables are defined by Qµ = ∂S/∂Pµ, that is
Q0 :=
∂S
∂m
= −m
∫
γ(r,pr)
dr
Npr − 2MHr E
, (34)
Q1 :=
∂S
∂E
= −t+
∫
γ(r,pr)
2MH
r pr +
(
1 + 2MHr
)
E
Npr − 2MHr E
dr, (35)
Q2 :=
∂S
∂`z
= ϕ− `z
∫
γ(ϑ,pϑ)
dϑ
pϑ sin
2 ϑ
, (36)
Q3 :=
∂S
∂`
= −`
∫
γ(r,pr)
dr
r2
(
Npr − 2MHr E
) + ` ∫
γ(ϑ,pϑ)
dϑ
pϑ
. (37)
In deriving these equations, we have used the differentials of the relations (24,25). As before, the integrals should be
interpreted as line integrals in the (r, pr)-plane and (ϑ, pϑ)-plane, respectively, where the curves connect the reference
point to the given points (r, pr) and (ϑ, pϑ) along the projections of the invariant submanifold Γm,E,`z,` onto these
planes. Given (x, p) ∈ Γaccr, the invariant submanifold is determined by the parameters m := P0(x, p), E := P1(x, p),
`z := P2(x, p) and ` := P3(x, p). Note that by virtue of equations (24,26) we have
Npr − 2MH
r
E = ±
√
E2 − Vm,`(r), pϑ = ±
√
`2 − `
2
z
sin2 ϑ
,
where the correct choice for the sign depends on which part of the curve one is integrating over.
By construction, the function S satisfies
∂S
∂xµ
(x;m,E, `z, `) = pµ,
with p = pµdx
µ such that P0(x, p) = m, P1(x, p) = E, P2(x, p) = `z and P3(x, p) = `. Since
Ωs = dpµ ∧ dxµ = ∂
2S
∂Pν∂xµ
dPν ∧ dxµ = ∂Q
ν
∂xµ
dPν ∧ dxµ = dPν ∧ dQν ,
the coordinates (Qµ, Pµ) are new symplectic coordinates on Γaccr. Note that the new momenta Pµ parametrize the
invariant four-dimensional submanifolds Γm,E,`z,` while the Q
µ’s define local coordinates on Γm,E,`z,`, with Q
2 and
Q3 changing by integer multiples of 2pi under revolutions about the azimutal angle ϕ or about the curve γ(ϑ,pϑ).
Therefore, Q2 and Q3 can be regarded as angle variables parametrizing the two cycles S1 in Γm,E,`z,` ' R2×S1×S1.
8 The same integral appears in the discussion of the Kepler problem, see for instance section 10.8 in Ref. [59].
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D. Most general collisionless distribution function describing accretion
Since in the new symplectic local coordinates (Qµ, Pµ) the one-particle Hamiltonian is H = −P 20 /2, the associated
Hamiltonian vector field acquires the simple form
XH =
∂H
∂Pµ
∂
∂Qµ
− ∂H
∂Qµ
∂
∂Pµ
= −P0 ∂
∂Q0
.
Therefore, the Liouville equation (7) in these coordinates reads,
∂f
∂Q0
= 0,
and the most general solution of the Liouville equation can be expressed in closed form,
f(x, p) = F(Q1, Q2, Q3, P0, P1, P2, P3), (38)
where F is an arbitrary function of its argument which is 2pi-periodic in Q2 and Q3.
Note that so far, no symmetry assumptions have been made on the distribution function; our construction only
relies on the symmetries of the underlying spacetime manifold (M, g) and the fact that the geodesic motion on this
manifold is described by an integrable Hamiltonian system. If required, the invariance of f with respect to the
symmetry group of (M, g) (or subgroups thereof) can be imposed using the complete lift introduced in section II C.
The isometry group of the Schwarzschild manifold (M, g) is generated by the Killing vector fields k := ∂∂t and the
vector fields ξa, a = 1, 2, 3, defined in equations (9,10). The complete lifts of these generators are given by
kˆ =
∂
∂t
and the vector fields ξˆa, a = 1, 2, 3, defined in equations (13,14). In terms of the new symplectic coordinates (Q
µ, Pµ)
one finds
kˆ = − ∂
∂Q1
, ξˆ1 + iξˆ2 = e
iϕ(ηˆ1 + iηˆ2), ξˆ3 =
∂
∂Q2
,
where
ηˆ1 = pϑ
 ∂
∂P2
+ `
∫
γ(ϑ,pϑ)
dϑ
p3ϑ sin
2 ϑ
(
`z
∂
∂Q3
− ` ∂
∂Q2
)− cotϑ ∂
∂Q2
,
ηˆ2 = `z cotϑ
 ∂
∂P2
+ `
∫
γ(ϑ,pϑ)
dϑ
p3ϑ sin
2 ϑ
(
`z
∂
∂Q3
− ` ∂
∂Q2
)− `z
pϑ sin
2 ϑ
∂
∂Q2
+
`
pϑ
∂
∂Q3
.
Note also that the Hamiltonian vector field X` associated with the total angular momentum ` = P3 is
X` =
∂
∂Q3
.
From these observations it follows immediately that the distribution function is spherically symmetric (that is, invari-
ant with respect to the flows generated by the lifted generators ξˆa, a = 1, 2, 3) if and only if F is independent of Q2,
Q3, and P2.
We summarize the main results of this section in the following theorem.
Theorem 1 On the invariant submanifold Γaccr ⊂ Γ of phase space, the most general collisionless distribution func-
tion is given by equation (38), where the function F is 2pi-periodic in the angle variables Q2 and Q3, and the action-
angle-like variables (Qµ, Pµ) are defined in equations (30–37).
Further, the distribution function is stationary if and only if F is independent of Q1, axisymmetric if and only if
F is independent of Q2, and spherically symmetric if and only if F is independent of Q2, Q3 and P2.
Remarks:
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1. It follows from the theorem that a stationary and spherically symmetric collisionless distribution function on
Γaccr only depends on the conserved quantities m, E and `. This result is closely related to Jeans’ theorem
in the Newtonian case, which states that a stationary, spherically symmetric solution of the Poisson-Liouville
system is described by a distribution function depending only on E and ` (see [60] for a precise formulation).
However, it has been shown that the generalization of Jeans’ theorem to the general relativistic case is false in
general [29, 61]. The reason that in our setting a stationary and spherically symmetric distribution function
must nevertheless be a function of only (m,E, `) is due to the fact that we work on a fixed Schwarzschild
background (neglecting the self-gravity of the gas) and to our restriction to the subset Γaccr of phase space.
2. Unlike the spherically symmetric case, it is in general not true that a stationary, collisionless distribution function
depends only on the conserved quantities arising from the spacetime symmetries. For instance, a stationary
axisymmetric distribution function may depend on Q3 apart from the quantities m, E, ` and `z.
IV. PARTICLE CURRENT DENSITY AND STRESS ENERGY-MOMENTUM TENSOR
In this section, we analyze the relevant observables of a relativistic, collisionless kinetic gas on the Schwarzschild
spacetime (M, g). These observables are the particle current density and the stress energy-momentum tensor, and
they are defined invariantly as follows:
Jx(X) :=
∫
pi−1(x)
p(X)f(x, p)dvolx(p), Tx(X,Y ) :=
∫
pi−1(x)
p(X)p(Y )f(x, p)dvolx(p), X, Y ∈ TxM, (39)
where here pi−1(x) = {(x, p) : p ∈ T ∗xM} ' T ∗xM is the fibre over x and
dvolx(p) :=
√
− det(gµν(x))d4p
is the invariant volume element on pi−1(x) induced by the inverse metric g−1x . Using local adapted coordinates (x
µ, pµ)
one can rewrite these quantities as
Jµ(x) =
∫
pi−1(x)
pµf(x, p)dvolx(p), Tµν(x) =
∫
pi−1(x)
pµpνf(x, p)dvolx(p). (40)
It can be shown that by virtue of the Liouville equation (7) these quantities are divergence-free. In the next subsection,
we express these quantities more explicitly in terms of dimensionless quantities. The resulting expressions will be
used in the next section in order to discuss physical applications regarding the accretion problem.
A. Explicit expressions for the observables
In order to simplify the computation of the fibre integrals, it is convenient to re-express the new symplectic variables
(Qµ, Pµ) in terms of dimensionless quantities. For this purpose, we write
t = MHτ, r = MHξ, pr = mpiξ, pϑ = MHmpiϑ,
and
E = mε, ` = MHmλ, `z = MHmλz,
with the new quantities τ , ξ, piξ, piϑ, ε, λ, λz being dimensionless. The relevant Q variables are
Q1 = MHm [Gε,λ(ξ, piξ)− τ ] , (41)
Q2 = ϕ− λz
∫
γ(ϑ,piϑ)
dϑ
piϑ sin
2 ϑ
, (42)
Q3 = −λ
∫
γ(ξ,piξ)
dξ
ξ2
[(
1− 2ξ
)
piξ − 2ξ ε
] + λ ∫
γ(ϑ,piϑ)
dϑ
piϑ
. (43)
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Here, we have introduced the function
Gε,λ(ξ, piξ) :=
∫
γ(ξ,piξ)
2
ξpiξ +
(
1 + 2ξ
)
ε(
1− 2ξ
)
piξ − 2ξ ε
dξ, (44)
where the curve γ(ξ,piξ) connects a reference point to the given point (ξ, piξ) along the set determined by(
1− 2
ξ
)
pi2ξ −
4
ξ
εpiξ −
(
1 +
2
ξ
)
ε2 + 1 +
λ2
ξ2
= 0, (45)
or, equivalently,
piξ = piξ±(ξ) :=
2
ξ ε±
√
ε2 − Uλ(ξ)
1− 2ξ
=
1 + λ
2
ξ2 −
(
1 + 2ξ
)
ε2
2
ξ ε∓
√
ε2 − Uλ(ξ)
, (46)
where the dimensionless effective potential is given by
Uλ(ξ) :=
(
1− 2
ξ
)(
1 +
λ2
ξ2
)
. (47)
As explained in the previous section, in case (I) we choose the reference point to lie on the horizon, (2, piξ−(2)), while
in case (II) we choose the reference point to be the turning point (ξ0, piξ+(ξ0) = piξ−(ξ0)), where Uλ(ξ0) = ε2. The
curve γ(ϑ,piϑ) appearing in the definitions of Q
2 and Q3 connects the reference point (ϑ = pi/2, piϑ =
√
λ2 − λ2z) to the
given point (ϑ, piϑ) clockwise along the set given by
pi2ϑ +
λ2z
sin2 ϑ
= λ2. (48)
As already mentioned previously, Q2 and Q3 increase by 2pi along a full revolution along this curve, so these quantities
are angle variables. For the applications in the next section the following result on the behavior of the function Gε,λ
which determines the range of the variable Q1 is important.
Lemma 3 Let ε > 1 and λ ≥ 0, λ 6= λc(ε) be fixed, and denote by C the curve in the (ξ, piξ)-plane determined by
equation (45). Then, the function Gε,λ : C → R defined in equation (44) is smooth and takes the following values:
(a) If 0 ≤ λ < λc(ε), corresponding to case (I) of absorbed particles, Gε,λ increases monotonously from −∞ to 0 as
one moves along the curve C from ξ =∞ to ξ = 2.
(b) If λ > λc(ε), corresponding to case (II) of the scattered particles, Gε,λ increases monotonously from −∞ to +∞
as one moves clockwise along the curve C, see figure 4.
Proof. We rewrite equation (44) as
Gε,λ(ξ, piξ) =
∫
γ(ξ,piξ)
ι∗Cω,
with the one-form ω on the (ξ, piξ)-plane given by
ω(ξ,piξ) =
2
ξpiξ +
(
1 + 2ξ
)
ε(
1− 2ξ
)
piξ − 2ξ ε
dξ,
and where ιC : C ⊂ R2 → R2 denotes the inclusion map. The one-form ω is well-defined and smooth except at points
where the denominator v := (1− 2/ξ)piξ − 2ε/ξ vanishes.
In case (I), piξ is given by the expression in equation (46) corresponding to the minus sign (piξ−) along C, and thus,
Gε,λ(ξ, piξ) =
ξ∫
2
f−(x)dx, f−(ξ) = − 1√
ε2 − Uλ(ξ)
ε2
(
1 + 2ξ
)
+ 4ξ2
(
1 + λ
2
ξ2
)
ε+ 2ξ
√
ε2 − Uλ(ξ)
.
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ξ0
C
C
FIG. 4: The curve C for the three different cases. Black curve: case (I). Red curve: case (II). Blue curve: the separatrix
corresponding to the limit between the two cases.
Here, the function f− : [2,∞) → R is well-defined, smooth and negative. Further, since f−(ξ) → −ε/
√
ε2 − 1 as
ξ → +∞, statement (a) follows.
In case (II), the denominator vanishes at the turning point ξ = ξ0 of C. Away from the turning point,
ι∗Cω =
{
f−(ξ)dξ, v < 0,
f+(ξ)dξ, v > 0,
f±(ξ) =
2
ξ
√
ε2 − Uλ(ξ)± ε(
1− 2ξ
)√
ε2 − Uλ(ξ)
,
which is regular for ξ 6= ξ0. To analyze the behavior in the vicinity of the turning point, we use the new coordinates
(ξ, v), in terms of which the curve C is parametrized by v2 + Uλ(ξ) = ε2, so that 2vdv = −U ′λ(ξ)dξ along C. Hence,
ι∗Cω =
1
1− 2ξ
(
2v
ξ
+ ε
)
dξ
v
=
−2
1− 2ξ
(
2v
ξ
+ ε
)
dv
U ′λ(ξ)
,
which is manifestly regular near the turning point, since U ′λ(ξ0) 6= 0. Because f−(ξ) < 0 < f+(ξ) for all ξ > ξ0 and
f±(ξ)→ ±ε/
√
ε2 − 1 as ξ → +∞, statement (b) follows.
Remarks:
1. Since Q1 = MHm[Gε,λ(ξ, piξ) − τ ] is constant along the particle trajectories, the function Gε,λ describes the
evolution of the dimensionless time coordinate τ along the trajectories. Observe that in the limit case λ = λc(ε)
(corresponding to the blue curve in figure 4) the saddle point (ξ0, piξ−(ξ0)) is approached in infinite time, since
in this case U ′λ(ξ0) = 0.
2. As a consequence of Lemma 3 the variable Q1 is always negative for τ ≥ 0 in case (I). In contrast to this, in
case (II), the two terms Gε,λ(ξ, piξ) and −τ compete against each such that Q1 can be positive or negative. This
competition will be important later, when analyzing the asymptotic behavior of the flow as τ →∞.
After these remarks concerning the properties of Q1 we return to the computation of the observables. In order to
compute them, we find it convenient to introduce an angle χ such that
piϑ = λ cosχ,
λz
sinϑ
= λ sinχ.
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In terms of the dimensionless quantities, the volume element is
dvolx(p) =
m3dmdε(λdλ)dχ
ξ2
∣∣∣(1− 2ξ)piξ − 2ξ ε∣∣∣ =
m3dmdε(λdλ)dχ
ξ2
√
ε2 − Uλ(ξ)
. (49)
We split the fibre integral into two parts, corresponding to cases (I) and (II) introduced in the previous section. In
both cases, the fibre integrals defining the observables range over m ∈ (0,∞) and χ ∈ (0, 2pi). The ranges for ε and
λ are as follows:
(I) In this case ε ∈ (1,∞) and λ ∈ (0, λc(ε)), where λc(ε) is the critical angular momentum below which the
particles fall into the black hole. Here, one has to choose the solution piξ−(ξ) in equation (46) which, from the
second expression in that equation, is seen to be regular on the horizon ξ = 2.
(II) In this case the ranges for ε and λ are more complicated since they are restricted by several conditions, some
of which depend on the position ξ of the fibre. First, we need λ > λc(ε) in order for the particle to be reflected
at the centrifugal barrier. Next, since we are only considering particles that are incoming from infinity and
reflected (as opposed to those that are coming from the white hole region and scattered at the potential before
falling into the black hole), we need to ensure that ξ is larger than the location of the maximum of the effective
potential, ξmax(λ). Finally, ξ needs to lie in the allowed region where Uλ(ξ) ≤ ε2.
The precise bounds on ε and λ which fulfill these conditions are given in the next lemma. Note that in this
case both solutions piξ+(ξ) and piξ−(ξ) in equation (46) have to be taken into account and summed over when
computing the fibre integral.
Lemma 4 Let ξ > 2 and ε > 1, and define
εmin(ξ) :=

∞, ξ ≤ 3,√(
1− 2ξ
)(
1 + 1ξ−3
)
, 3 < ξ < 4,
1, ξ ≥ 4.
λmax(ε, ξ) := ξ
√
ε2
1− 2ξ
− 1. (50)
Then, the ranges corresponding to case (II) are:
ε > εmin(ξ), λc(ε) < λ < λmax(ε, ξ).
Proof. First, we note that Uλmax(ξ) = ε
2, hence the condition λ < λmax is equivalent to Uλ(ξ) < ε
2. Therefore, the
inequalities λc(ε) < λ < λmax(ε, ξ) are necessary for case (II).
In order to justify the first condition ε > εmin(ξ) we first note that since ξmax(λ) decreases monotonically from 6
to 3 as λ2 increases from 12 to ∞ (see App. A), the condition ξ > ξmax(λ) is never satisfied for ξ ≤ 3. Hence, in this
case the integration region is empty. When 3 < ξ ≤ 6 the condition ξ > ξmax is equivalent to λ > ξ/
√
ξ − 3, which in
turn implies
ε2 ≥ Uλ(ξ) >
(
1− 2
ξ
)(
1 +
1
ξ − 3
)
.
For 3 < ξ ≤ 4 the right-hand side is equal to εmin(ξ)2, for 4 < ξ ≤ 6 the right-hand side is smaller than 1. But since
ε > 1 it follows that ε > εmin(ξ).
Conversely, if ε > εmin(ξ) and λ > λc(ε), then the monotonicity of λc and a short calculation reveal that
λ2 > λc(ε)
2 > λc(εmin(ξ))
2 =
{
ξ2
ξ−3 , 3 < ξ ≤ 4,
16, 4 < ξ < 6,
which implies λ > ξ/
√
ξ − 3 in both cases, and hence ξ > ξmax(λ).
Finally, when ξ ≥ 6, the condition ξ > ξmax(ξ) is automatically satisfied and the only bounds are ε > 1 and
λc(ε) < λ < λmax(ε, ξ).
After these remarks we are ready to compute the observables. A fibre integral of the form
I(x) :=
∫
pi−1(x)
f(x, p)dvolx(p)
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is written as
I(x) = I(abs)(x) + I(scat)(x),
with the contribution from the absorbed particles
I(abs)(x) =
1
ξ2
∞∫
1
2pi∫
0
λc(ε)∫
0
F3(Gε,λ(ξ, piξ)− τ,Q2, Q3, ε, λ sinχ sinϑ, λ)
∣∣
piξ=piξ−(ξ)
λdλdχdε√
ε2 − Uλ(ξ)
(51)
and the one from the scattered particles
I(scat)(x) =
1
ξ2
∞∫
εmin(ξ)
2pi∫
0
λmax(ε,ξ)∫
λc(ε)
F3(Gε,λ(ξ, piξ)− τ,Q2, Q3, ε, λ sinχ sinϑ, λ)
∣∣
piξ=piξ+(ξ)
λdλdχdε√
ε2 − Uλ(ξ)
+
1
ξ2
∞∫
εmin(ξ)
2pi∫
0
λmax(ε,ξ)∫
λc(ε)
F3(Gε,λ(ξ, piξ)− τ,Q2, Q3, ε, λ sinχ sinϑ, λ)
∣∣
piξ=piξ−(ξ)
λdλdχdε√
ε2 − Uλ(ξ)
, (52)
where in the expressions for Q2 and Q3 one should substitute λz = λ sinϑ sinχ and piϑ = λ cosχ. Here we have
introduced the mass momenta of the distribution function, defined by
Fn
(
G,Q2, Q3, ε, λz, λ
)
:=
∞∫
0
mnF(MHmG,Q2, Q3,m,mε,MHmλz,MHmλ)dm, n = 0, 1, 2, 3, . . . (53)
General expressions for the current density and stress energy-momentum tensor can be computed similarly, taking
into account that pτ = −mε, pr = mpiξ, pϑ = MHmλ cosχ, pϕ = MHmλ sinχ sinϑ. Since the momentum p is
proportional to m, the current density depends on F4 and the stress energy-momentum tensor on F5. The fact that
the observables only depend on the mass momenta Fn of the distribution function is due to the weak equivalence
principle.
B. Observables in the spherically symmetric case
In the spherically symmetric case, the Fn are independent of Q2, Q3 and λz, and we obtain the following expressions
for the observables associated with the absorbed particles:
J (abs)a (τ, ξ) =
2pi
ξ2
∞∫
1
λc(ε)∫
0
ua−F4(Gε,λ(ξ, piξ−(ξ))− τ, ε, λ) λdλdε√
ε2 − Uλ(ξ)
, a = τ, r, (54)
T
(abs)
ab (τ, ξ) =
2pi
ξ2
∞∫
1
λc(ε)∫
0
ua−ub−F5(Gε,λ(ξ, piξ−(ξ))− τ, ε, λ) λdλdε√
ε2 − Uλ(ξ)
, a, b = τ, r, (55)
T
(abs)
ϑϑ (τ, ξ) = M
2
H
pi
ξ2
∞∫
1
λc(ε)∫
0
λ2F5(Gε,λ(ξ, piξ−(ξ))− τ, ε, λ) λdλdε√
ε2 − Uλ(ξ)
, (56)
with T
(abs)
ϕϕ = sin
2 ϑT
(abs)
ϑϑ and the remaining components of J
(abs)
µ and T
(abs)
µν being zero. Here we have introduced
the shorthand notation (uτ±, ur±) = (−ε, piξ±(ξ)) and for simplicity we have removed the entries Q2, Q3 and λz from
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Fn. The nonvanishing components of the scattering part are
J (scat)a (τ, ξ) =
2pi
ξ2
∞∫
εmin(ξ)
λmax(ε,ξ)∫
λc(ε)
∑
±
[ua±F4(Gε,λ(ξ, piξ±(ξ))− τ, ε, λ)] λdλdε√
ε2 − Uλ(ξ)
, (57)
T
(scat)
ab (τ, ξ) =
2pi
ξ2
∞∫
εmin(ξ)
λmax(ε,ξ)∫
λc(ε)
∑
±
[ua±ub±F5(Gε,λ(ξ, piξ±(ξ))− τ, ε, λ)] λdλdε√
ε2 − Uλ(ξ)
, (58)
T
(scat)
ϑϑ (τ, ξ) = M
2
H
pi
ξ2
∞∫
εmin(ξ)
λmax(ε,ξ)∫
λc(ε)
λ2
∑
±
[F5(Gε,λ(ξ, piξ±(ξ))− τ, ε, λ)] λdλdε√
ε2 − Uλ(ξ)
, (59)
and T
(scat)
ϕϕ = sin
2 ϑT
(scat)
ϑϑ , with
∑
± indicating the sum over the contributions from the two signs in piξ±.
C. Example of a simple, steady-state, spherically symmetric isotropic gas
As an explicit example, we consider a steady-state, spherically symmetric, collisionless gas consisting of identical
particles of rest mass m > 0. Furthermore, we assume that in the asymptotic region the gas is isotropic. These
assumptions imply that the distribution function must have the form
f(x, p) = δ (P0(x, p)−m) f∞(ε)|ε=P1(x,p)/m , (60)
with f∞ : (1,∞) → R a smooth, non-negative function which is bounded and decays sufficiently fast at infinity (see
below). The associated mass momenta are
Fn(G,Q2, Q3, ε, λz, λ) = mnf∞(ε), n = 0, 1, 2, 3, . . .
Since the Fn only depend on the energy variable ε, the integrals over the total angular momentum λ can be computed
explicitly in equations (54–59). Using the integral identities in App. B, we obtain(
Jτ
Jr
)(abs)
(ξ) =
2pim4
ξ2
∞∫
1
λc(ε)
2√
ε2 − U0(ξ) +
√
ε2 − Uc(ξ)
(
vτ
vr
)
f∞(ε)dε, (61)
(
T τ τ T
τ
r
T rτ T
r
r
)(abs)
(ξ) =
2pim5
ξ2
∞∫
1
λc(ε)
2√
ε2 − U0(ξ) +
√
ε2 − Uc(ξ)
(
vτvτ v
τvr +
2
ξW
vrvτ v
rvr +
(
1− 2ξ
)
W
)
f∞(ε)dε, (62)
(Tϑϑ)
(abs)(ξ) =
pim5
3ξ4
∞∫
1
λc(ε)
4 2
√
ε2 − U0(ξ) +
√
ε2 − Uc(ξ)(√
ε2 − U0(ξ) +
√
ε2 − Uc(ξ)
)2 f∞(ε)dε, (63)
where we have introduced the shorthand notation Uc(ξ) := Uλc(ε)(ξ), defined the quantity
W := −1
4
 1
ε+
√
ε2 − U0(ξ)
−
1 + λc(ε)
2
ξ2
ε+
√
ε2 − Uc(ξ)
2 + 1
3ξ4
λc(ε)
4(√
ε2 − U0(ξ) +
√
ε2 − Uc(ξ)
)2 ,
and the two-vector (
vτ
vr
)
=
 ε+ 1ξ 1ε+√ε2−U0(ξ) + 1ξ 1+
λc(ε)
2
ξ2
ε+
√
ε2−Uc(ξ)
− 12
(√
ε2 − U0(ξ) +
√
ε2 − Uc(ξ)
)
 ,
with corresponding co-vector (
vτ
vr
)
=
 −ε
−ε+ 12 1ε+√ε2−U0(ξ) +
1
2
1+
λc(ε)
2
ξ2
ε+
√
ε2−Uc(ξ)
 .
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For the terms corresponding to the scattered particles, we find(
Jτ
Jr
)(scat)
(ξ) =
4pim4(
1− 2ξ
)2
∞∫
εmin(ξ)
(
1
0
)
ε
√
ε2 − Uc(ξ)f∞(ε)dε, (64)
(
T τ τ T
τ
r
T rτ T
r
r
)(scat)
(ξ) =
4pim5(
1− 2ξ
)2
∞∫
εmin(ξ)
(
−ε2 23ξ 4ε
2−Uc(ξ)
1− 2ξ
0 13 (ε
2 − Uc(ξ))
)√
ε2 − Uc(ξ)f∞(ε)dε, (65)
(Tϑϑ)
(scat)(ξ) =
2pim5(
1− 2ξ
)2
∞∫
εmin(ξ)
[(
1− 2
ξ
)
λc(ε)
2
ξ2
+
2
3
(ε2 − Uc(ξ))
]√
ε2 − Uc(ξ)f∞(ε)dε. (66)
Physical applications of these results will be discussed in the next section; for the moment, we just like to emphasize
that the expressions J
(abs)
µ and T
(abs)
µν are manifestly regular on the horizon ξ = 2, while the contributions J
(scat)
µ and
T
(scat)
µν for the scattered particles vanish inside the photon sphere, that is, for ξ < 3 (see the definition of εmin(ξ) in
equation (50)).
The integrals in equations (61–66) are well-defined as long as the function f∞ decays sufficiently fast as ε → ∞.
For example, this is the case for exponential decay, i.e. if there are constants α, β > 0 such that
0 ≤ f∞(ε) ≤ αe−βε, ε ≥ 1.
D. Comparison with the perfect fluid case
We conclude this section with a comparison between the properties of the observables of a collisionless gas with
those of an isotropic perfect fluid. In the latter case, the particle current density and the stress energy-momentum
tensor are given by
Jµ = nuµ, Tµν = ρu
µuν + p (u
µuν + δ
µ
ν) , (67)
with n, ρ, p and uµ the particle density, energy density, pressure and four-velocity of the fluid, respectively. The
conditions that characterize the observables (67) can be formulated as follows.
(i) Jµ = nuµ is a timelike eigenvector of Tµν , that is T
µ
νu
ν = −ρuµ. An important consequence of this property
is that the stress energy-momentum tensor can be diagonalized:
Tµν = ρe
µ
0e0ν + p1e
µ
1e1ν + p2e
µ
2e2ν + p3e
µ
3e3ν , (68)
with e0 = u and e1, e2, e3 an orthonormal frame perpendicular to u. In this case, p1, p2 and p3 are called
the principle pressures. In the spherically symmetric case, e1 can be chosen in the radial direction, and then
p1 = prad describes the radial pressure and p2 = p3 = ptan the tangential one.
(ii) The principal pressures are equal to each other.
In order to compare the properties of the kinetic gas to those of the perfect fluid, let us analyze these conditions
for the spherically symmetric accretion case described in the previous subsection. First, regarding the scattering part
given in equations (64,65,66) we observe that the current density is proportional to the Killing vector field k = ∂∂t .
Furthermore, it is seen from equation (65) that k is also an eigenvector of Tµ
(scat)
ν , such that condition (i) is satisfied.
To verify the second condition, we introduce the orthonormal frame
e0 =
MH√
1− 2ξ
∂
∂τ
, (69)
e1 =
MH√
1− 2ξ
[
2
ξ
∂
∂τ
+
(
1− 2
ξ
)
∂
∂ξ
]
, (70)
e2 =
MH
ξ
∂
∂ϑ
, (71)
e3 =
MH
ξ sinϑ
∂
∂ϕ
, (72)
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such that e0 is parallel to J
scat. It is simple to verify that this frame diagonalizes Tµ
(scat)
ν , and the associated principle
pressures are
p
(scat)
rad =
4pim5(
1− 2ξ
)2
∞∫
εmin(ξ)
1
3
(ε2 − Uc(ξ))3/2f∞(ε)dε, (73)
p
(scat)
tan = p
(scat)
rad +
2pim5
1− 2ξ
∞∫
εmin(ξ)
λc(ε)
2
ξ2
(ε2 − Uc(ξ))1/2f∞(ε)dε. (74)
We see that in general, p
(scat)
tan is larger than p
(scat)
rad , so that the principal pressures are different from each other. In
the asymptotic limit ξ →∞ this difference converges to zero and the gas is fluid-like. For later purposes, we also note
that the triad frame {e1, e2, e3} is Fermi-transported along the Killing observers, such that it defines a non-rotating
frame for these observers.
Regarding the contributions from the absorbed particles described by equations (61,62,63), in general not even the
first condition (i) is satisfied, as we will see in an explicit example in the next section. Further, in general J (abs) does
not point in the same direction as J (scat). These comments should make clear that the observables belonging to a
kinetic gas have a much richer structure than those belonging to a perfect fluid.
V. APPLICATIONS TO THE ACCRETION PROBLEM
In this section, we apply our results to the accretion of a relativistic, collisionless kinetic gas into a Schwarzschild
black hole. We discuss two important results. The first one, discussed in section V A, provides the most general steady-
state, spherically symmetric accretion solution for a collisionless gas which, at infinity, is given by an equilibrium
configuration with some given temperature. From this we compute the relevant physical quantities, like the accretion
and compression rates as well as the particle and energy densities and the principle pressures in the asymptotic region
and on the horizon.
The second result, discussed in section V B, considers dynamical nonlinear perturbations of the spherical, steady-
state configurations which arises from rather general (possibly nonspherical) initial data for the distribution function.
In particular, we derive an asymptotic stability result implying the stability of the spherically symmetric, steady-state
configurations.
A. Spherically symmetric, steady-state configurations with given temperature at infinity
Here, we consider the physical scenario in which gas particles are accreted from a reservoir of identical massive
and spinless particles at spatial infinity. Like in section IV C, we assume that the gas is steady-state, spherically
symmetric and collisionless. Additionally, we suppose that the reservoir is isotropic and that some physical process in
the past drove it to thermodynamic equilibrium. Therefore, we can characterize the state of the gas at infinity by an
equilibrium distribution function with given temperature T > 0. However, we emphasize that it does not make sense
to associate a local temperature to the gas, since we neglect collisions between the gas particles so that at finite radius
one does not expect to gas to be in local thermodynamic equilibrium. Hence, T should be regarded as an asymptotic
parameter only.
As a consequence of our assumptions, the distribution function has the form
f(x, p) = αδ (P0(x, p)−m) e−βE
∣∣
E=P1(x,p)
, (75)
with α > 0 a normalization constant, m > 0 the mass of the gas particles and β = (kBT )
−1 > 0 the inverse
temperature.9 The particle current density and stress energy-momentum tensor are given by the expressions in
equations (61–66) with the function f∞(ε) replaced with αe−mβε. In the following, we discuss the physical content of
these results.
9 As we discuss in [62] the distribution function defined by equation (75) does not describe a local equilibrium state at finite radius,
though it does so at infinity.
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First, we note that using the inverse metric (15) we can easily compute the particle and energy fluxes through a
sphere of constant areal radius r,10
jn := 4pir
2Jr = −4pi2αM2Hm4
∞∫
1
λc(ε)
2e−zεdε, (76)
jε := −4pir2T rτ = −4pi2αM2Hm5
∞∫
1
ελc(ε)
2e−zεdε, (77)
where we recall that λc(ε) is the critical angular momentum calculated in App. A. Here and in the following, the
dimensionless parameter z is defined by
z := mβ =
mc2
kBT
,
where for convenience we have reintroduced the speed of light c. For typical astrophysical applications this quantity
is very large, since the thermal energy is much smaller than the rest energy of the particles. For gas accreted from
the interstellar medium, for instance, z is of the order 109 [49]. As expected from the conservation laws ∇µJµ = 0
and ∇µ(−Tµνkν) = 0 the flux quantities jn and jε are constant. Note that only the absorbed particles contribute to
these fluxes; the contributions from the in- and outgoing particles that are scattered at the potential cancel out, such
that (Jr)(scat) = (T rτ )
(scat) = 0.
Next, we analyze the observables in the asymptotic region ξ → ∞. In this case, it is only the scattered particles
that yield a nonvanishing contribution, and due to our assumptions on the distribution function, the gas in this region
behaves as an isotropic, special relativistic perfect fluid [1, 5]. Indeed, taking the limit ξ → ∞ in equations (64–66)
and noticing that Uc(ξ)→ 1 one finds
lim
r→∞ J
µ = n∞uµ∞, lim
r→∞T
µν = (ε∞ + p∞)uµ∞u
ν
∞ + p∞η
µν ,
with the four-velocity at infinity given by u∞ = k = ∂∂τ and η
µν denoting the components of the inverse Minkowski
metric. The particle density n∞, energy density ε∞ and pressure p∞ at infinity can be expressed in terms of the
modified Bessel functions of the second kind:
Kl(z) =
∞∫
0
e−z coshψ cosh(lψ)dψ =
zl
1 · 3 · · · (2l − 1)
∞∫
0
e−z coshψ sinh2l ψ dψ, z > 0, l = 1, 2, 3, . . .
as
n∞(z) = 4piαm4
K2(z)
z
, (78)
ε∞(z) = 4piαm5
[
K1(z)
z
+ 3
K2(z)
z2
]
, p∞(z) = 4piαm5
K2(z)
z2
, (79)
and the ideal gas equation p∞ = kBTn∞ is satisfied.
At the horizon, (Jµ)(scat) and (Tµν)
(scat) vanish, and thus we only have the contributions from the absorbed
particles. The particle and energy densities nH and ρH and the radial and tangential pressures prad and ptan are
determined by Jµ = nHu
µ
H (gµνu
µ
Hu
ν
H = −1) and the decomposition (68) which, for a kinetic gas, is guaranteed to
10 The coordinate-invariant definition of these quantities is jn = 4pir2dr(J) and jε = −4pir2dr(T(k)), where r is the areal radius, J = Jµ∂µ
the current density vector and T(k) := Tµνkν∂µ the contraction of the stress energy-momentum tensor with the Killing vector field k.
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exist [10, 63]. Evaluating the expressions in equations (61–63) at ξ = 2 and noting that Uλ(2) = 0 one finds(
Jτ
Jr
)∣∣∣∣
ξ=2
=
1
4
piαm4
∞∫
1
λc(ε)
2
ε
(
vτ
vr
)
e−zεdε, (80)
(
T τ τ T
τ
r
T rτ T
r
r
)∣∣∣∣
ξ=2
=
1
4
piαm5
∞∫
1
λc(ε)
2
ε
(
vτvτ v
τvr +W
vrvτ v
rvr
)
e−zεdε, W =
1
3ε2
(
λc(ε)
4
)4
, (81)
Tϑϑ
∣∣
ξ=2
=
1
64
piαm5
∞∫
1
λc(ε)
4
ε
e−zεdε, (82)
with (
vτ
vr
)
= ε
(
1 + 12ε2
(
1 + λc(ε)
2
8
)
−1
)
,
(
vτ
vr
)
= −ε
(
1
1− 12ε2
(
1 + λc(ε)
2
8
) )
.
These are still rather complicated expressions. To obtain simpler expressions which are easier to interprete, we take
the limit z → ∞ (remember that for typical astrophysical applications z is very large) and obtain (see App. C for
details)
ρH
nH
=
mc2
2
√
3
(
3 +
√
31
3
)
≈ 1.79mc2, (83)
prad
nH
=
mc2
2
√
3
(
−3 +
√
31
3
)
≈ 0.0619mc2, (84)
ptan
nH
=
mc2√
3
≈ 0.577mc2. (85)
We note that the tangential pressure is almost an order of magnitude larger than the radial one, showing that the
collisionless kinetic gas behaves very differently than an isotropic perfect fluid near the horizon. This difference is
probably due to the fact that most gas particles have nonvanishing angular momenta and do not collide. Moreover,
the four-velocity and timelike eigenvector e0 of (T
µ
ν) are
uH =
1√
3
[
5
2
∂
∂τ
− ∂
∂r
]
, e0 =
(
31
3
)−1/4 [(
1 +
1
2
√
31
3
)
∂
∂τ
− ∂
∂r
]
. (86)
Although the value of 1 +
√
31/3/2 ' 2.61 is quite close to 5/2, this calculation shows that u and e0 are not parallel,
and thus condition (i) in section IV D for the observables to be fluid-like is violated.
Finally, we compute the mass accretion rate M˙ := mjn and compression ratio nH/n∞ of the gas. For large z we
find (see App. C)
lim
z→∞
1√
2piz
M˙
n∞
= −4mcr2H , lim
z→∞
1√
2piz
nH
n∞
=
√
3
pi
, (87)
where rH = 2GMH/c
2 is the Schwarzschild radius of the black hole. Therefore, both the accretion rate and the
compression ratio scale like z1/2 for large values of z, and hence they are smaller by a factor of z compared to the
corresponding quantities in the Michel model [48, 49, 51, 52], describing the spherical steady-state accretion of a
polytropic perfect fluid.
A more detailed analysis regarding the behavior and physical properties of the observables of the spherical steady-
state model as a function of radius and the asymptotic temperature is given in Ref. [62].
B. Stability of the flow
The main goal of this subsection is to study the stability of the spherical, steady-state accretion flows discussed in
the previous subsection. To this end, we consider time-dependent, possibly nonspherical and nonlinear perturbations
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of the distribution function arising from fairly general initial data on the initial time slice τ = 0. According to the
results in the previous sections, such initial data can be parametrized by two functions F (abs)i (G,Q2, Q3, ε, λz, λ) and
F (scat)i (G,Q2, Q3, ε, λz, λ) of the six variables G, Q2, Q3, ε, λz and λ, see equations (41–43) for the definitions of
G,Q2, Q3 as functions of (x, p).11 Here, we recall that the range of these variables is:
R(abs) := {(G,Q2, Q3, ε, λz, λ) ∈ R6 : −∞ < G ≤ 0, 1 < ε <∞, |λz| < λ, 0 ≤ λ < λc(ε)}
and
R(scat) := {(G,Q2, Q3, ε, λz, λ) ∈ R6 : −∞ < G ≤ ∞, 1 < ε <∞, |λz| < λ, λ > λc(ε)},
respectively. Therefore, F (abs)i : R(abs) → R and F (scat)i : R(scat) → R are non-negative functions which, in addition,
are 2pi-periodic in Q2 and Q3.
The solution generated by this data is:
f(x, p) =
{
F (abs)i (Gε,λ(ξ, piξ)− τ,Q2, Q3, ε, λz, λ), if λ < λc(ε)
F (scat)i (Gε,λ(ξ, piξ)− τ,Q2, Q3, ε, λz, λ), if λ > λc(ε)
, (88)
where the function Gε,λ(ξ, piξ) is given in equation (44). Note that the solution is stationary if and only if the functions
F (abs)i and F (scat)i are independent of G. The observables are given by fibre integrals over this distribution function,
as explained and worked out in the previous section. Here, we analyze the asymptotic behavior of these observables
along certain future-directed timelike curves.
We assume that the initial functions F (abs)i and F (scat)i satisfy the following conditions:
(i) F (abs)i : R(abs) → R and F (scat)i : R(scat) → R are non-negative, measurable functions which are 2pi-periodic in
Q2 and Q3. Furthermore, we require these functions to be uniformly bounded from above by an equilibrium
distribution function, that is, there exist positive constants α and β such that
0 ≤ F (abs,scat)i (G,Q2, Q3, ε, λz, λ) ≤ αe−βε
for all (G,Q2, Q3, ε, λz, λ) ∈ R(abs,scat).
(ii) There exists a function f−∞ : (1,∞)→ R such that
lim
G→−∞
F (abs)i (G,Q2, Q3, ε, λz, λ) = f−∞(ε)
for all 0 ≤ Q2, Q3 ≤ 2pi, ε > 1, and |λz| < λ < λc(ε).
(iii) There exists a function f+∞ : (1,∞) → R such that in the limits G → ±∞ the function F (scat)i converges
uniformly in (Q2, Q3, λz, λ) to the functions f±∞:
lim
G→−∞
sup
Q2,Q3∈[0,2pi]
|λz|<λ,λ>λc(ε)
|F (scat)i (G,Q2, Q3, ε, λz, λ)− f−∞(ε)| = 0, (89)
lim
G→+∞
sup
Q2,Q3∈[0,2pi]
|λz|<λ,λ>λc(ε)
|F (scat)i (G,Q2, Q3, ε, λz, λ)− f+∞(ε)| = 0, (90)
for all ε > 1.
Condition (i) guarantees the existence of the fibre integrals defining the particle current density Jµ and the stress
energy-momentum tensor Tµν , as follows from the analysis in the last section. Conditions (ii) and (iii) imply that in
the asymptotic region ξ → ∞, where G → ±∞, the initial distribution function converges to distribution functions
f±∞(ε) which only depend on the energy ε. Here, the plus (minus) signs refer to particles which, at τ = 0, have
11 For simplicity, we assume that all the gas particles have the same positive rest mass m > 0. For solutions describing particles with
different masses, one simply replaces the distribution function with the appropriate mass momenta, see equation (53).
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positive (negative) radial velocity. For an equilibrium distribution function which does not discriminate between
infalling and outgoing particles, one chooses f−∞ = f+∞, but for generality we shall not necessarily impose this
condition.
In the following, we analyze the behavior of the observables Jµ and Tµν associated with the solution (88) of the
Liouville equation. These observables are given by integrals of the form given in equations (51,52). The main results
of this section are described in the following two theorems.
Theorem 2 Consider the solution f : Γaccr → R of the Liouville equation belonging to initial data satisfying the
conditions (i),(ii), and (iii) above. Then, along the world line of a future-directed static observer γ(t),
lim
t→∞ Jα(γ(t)) = Jα[f−∞], limt→∞Tαβ(γ(t)) = Tαβ [f−∞], (91)
where Jα and Tαβ are the components of the current density and stress energy-momentum tensor with respect to
the non-rotating frame {e0, e1, e2, e3} defined in equations (69–72), and Jα[f−∞] = J (abs)α + J (scat)α and Tαβ [f−∞] =
T
(abs)
αβ + T
(scat)
αβ are the corresponding quantities for a steady-state, spherical configurations as in equations (61–66)
with f∞ replaced with f−∞.
Theorem 3 Consider the solution f : Γaccr → R of the Liouville equation belonging to initial data satisfying the
conditions (i),(ii), and (iii) above. Let γ(t) be the world line of a future-directed timelike observer with constant
asymptotic radial velocity with respect to static observers,
vobs,∞ := lim
t→∞
dr
dt
(t) = lim
τ→∞
dξ
dτ
(τ)
satisfying 0 < vobs,∞ < 1 meaning that at large times, the observer moves away from the black hole with constant
radial velocity.
Then, with respect to the static frame {e0, e1, e2, e3} defined in equations (69–72), we have
lim
t→∞
(
J0
J1
)
(γ(t)) = 4pim4
∞∫
1
(
1
0
)
ε
√
ε2 − 1f−∞(ε)dε+ pim4
εobs,∞∫
1
(
2ε
[√
ε2 − 1− a(ε)]
ε2 − 1− a(ε)2
)
∆f∞(ε)dε, (92)
lim
t→∞
(
T 00 T
0
1
T 10 T
1
1
)
(γ(t)) = 4pim5
∞∫
1
( −ε2 0
0 13 (ε
2 − 1)
)√
ε2 − 1f−∞(ε)dε
+ pim5
εobs,∞∫
1
(
2ε2
[
a(ε)−√ε2 − 1] ε [ε2 − 1− a(ε)2]
−ε [ε2 − 1− a(ε)2] − 23 [a(ε)3 − (ε2 − 1)3/2]
)
∆f∞(ε)dε, (93)
lim
t→∞T
2
2(γ(t)) = lim
t→∞T
3
3(γ(t)) =
4pim5
3
∞∫
1
(ε2 − 1)3/2f−∞(ε)dε
+
pim5
3
εobs,∞∫
1
[a(ε)−
√
ε2 − 1]2[a(ε) + 2
√
ε2 − 1]∆f∞(ε)dε, (94)
where εobs,∞ := (1− v2obs,∞)−1/2, a(ε) := (ε2 − 1)/(εvobs,∞), and where we have defined the difference
∆f∞ := f+∞ − f−∞.
The limits of the remaining components vanish.
Remarks:
1. Therefore, in the limit t→∞, the tetrad components of the observables Jα and Tαβ converge pointwise to the
sum of two expressions, the first one being independent of the observer’s radial velocity and thus identical to
the ones obtained from spherically symmetric stationary accretion with boundary condition f−∞(ε). The other
expression depends on the observer’s asymptotic radial velocity and the difference ∆f∞ between the in- and
outgoing distribution functions at infinity. For the particular case where f+∞ = f−∞ this second expression
vanishes, and the pointwise limit of the observables Jα and Tαβ is independent of the observer.
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2. From the moving observer’s point of view, it makes sense to ask how the results given in Theorem 3 change
if instead of the static frame {e0, e1, e2, e3} defined in equations (69–72), a non-rotating (Fermi-propagated)
frame {eˆ0, eˆ1, eˆ2, eˆ3} along the observer is considered. The relation between the two frames is given by a Lorentz
transformation of the form
eˆα(t) = Λ(t)
δ
αeδ(t), Λ(t)
δ
α := [Λrot(t)]
β
α[Λboost(t)]
δ
β ,
where Λrot(t) is an appropriate rotation and Λboost(t) a boost such that u = [Λboost(t)]
δ
0eδ(t) is the observer’s
four-velocity. Under such a transformation, the tetrad components of the observables change according to
Jα = Λαβ Jˆ
β , Tαβ = Λ
α
γΛβ
δTˆ γδ,
where Λβ
δ denotes the components of the inverse transposed of the matrix Λ. Hence, the limits of Jˆα and Tˆαβ
as t → ∞ exist if and only if Λ(t)αβ has a well-defined limit for t → ∞. This will be the case, for example, if
the observer has an asymptotic constant velocity in the radial direction, in which case
lim
t→∞(Λboost(t)
α
β) =
 εobs,∞ εobs,∞vobs,∞ 0 0εobs,∞vobs,∞ εobs,∞ 0 00 0 1 0
0 0 0 1
 .
3. The proofs of our stability theorems require the understanding of two key issues. The first one is the behavior
of the distribution function f(x, p) for large values of τ . This involves analyzing the function Gε,λ(ξ, piξ) − τ
along the world line of the observer, where Gε,λ(ξ, piξ) is given by the line integral in equation (44). For static
observers this issue is trivial since Gε,λ(ξ, piξ) is constant in ξ (for fixed values of the energy ε and angular
momentum λ). However, for moving observers the two terms Gε,λ(ξ, piξ) and τ compete against each other, and
thus this issue requires a detailed analysis.
The second issue is about the validity of passing the limit τ →∞ under the integrals over the momentum p. In
order to handle this issue, we use Lebesgue’s dominated convergence theorem12. This issue is also much more
delicate for moving observers than for static ones, since in the former case the fibre and the volume form on it
are not fixed, so that it is more difficult to find a uniform bound.
Proof of Theorem 2. In the static case, the function Gε,λ(ξ, piξ) is constant along the world line of the observer
(for each fixed values of the energy ε and the angular momentum λ). Therefore, it follows from our assumptions that
lim
τ→∞F
(abs,scat)
i (Gε,λ(ξ, piξ)− τ,Q2, Q3, ε, λz, λ) = f−∞(ε)
for any values of ξ > 2, ε > 1, Q2, Q3 ∈ [0, 2pi], and |λz| < λ and piξ given by one of the two expressions piξ±(ξ) defined
in equation (46).
The observables Jα and Tαβ are given by expressions of the same form as defined in equations (51,52) with the
additional weights pα and pαpβ , respectively. With respect to the non-rotating frame {e0, e1, e2, e3} defined in equa-
tions (69–72), the components of the momentum are:
p0 =
−mε√
1− 2ξ
, (95)
p1 =
m√
1− 2ξ
[
−2ε
ξ
+
(
1− 2
ξ
)
piξ
]
, (96)
p2 =
mpiϑ
ξ
=
mλ
ξ
cosχ, (97)
p3 =
mλz
ξ sinϑ
=
mλ
ξ
sinχ. (98)
12 See, for instance Ref. [64].
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From these expressions and equation (46) it follows the existence of positive constants c1 and c2 (depending on ξ > 2)
such that
|pα| ≤ m [c1ε+ c2λ]
for all α = 0, 1, 2, 3. Therefore, the integrands in Jα and Tαβ are bounded by the functions
Hs(ε, λ) := αm
3+s(c1ε+ c2λ)
se−βε
λ
ξ2
√
ε2 − Uλ(ξ)
with s = 1 and s = 2 for Jα and Tαβ , respectively. These functions are Lebesgue-integrable on the desired ranges, for
∞∫
1
2pi∫
0
λc(ε)∫
0
Hs(ε, λ)dλdχdε ≤ 2piαm3+s
∞∫
1
 λc(ε)∫
0
λdλ
ξ2
√
ε2 − Uλ(ξ)
 (c1ε+ c2λc(ε))se−βεdε.
According to App. B the integral over λ gives
1
1− 2ξ
[√
ε2 − U0(ξ)−
√
ε2 − Uc(ξ)
]
≤ c3ε.
Since λc(ε) ≤ c4ε (see App. A), it follows that Hs is integrable over the range corresponding to case (I). A similar
argument shows that Hs is also integrable over the range associated with the scattered particles (case (II)).
Now we can use Lebesgue’s dominated convergence theorem in order to pass the limit below the integral, and we
conclude that Jα and Tαβ converge to the corresponding stationary expressions computed in section IV C with f∞
replaced with f−∞.
Proof of Theorem 3. As mentioned before, the proof for moving observers is more complicated than in the static
case due to two issues. The first issue is that Gε,λ(ξ, piξ) is not constant anymore, since the assumption implies that
ξ →∞ along the observer’s world line. Hence, depending on the values of the constants ε and λ the expression
Gε,λ(ξ, piξ+)− τ
might converge to −∞ or ∞ along the world line of the observer (cf. Lemma 3). The second issue is the fact that
the fibre and the volume element change in time. As a consequence, the measure (see equation (49))
λdλdεdχ
ξ2
√
ε2 − Uλ(ξ)
appearing in the definition of the observables is not constant anymore, and the application of Lebesgue’s theorem
would require finding a uniform (ξ-independent) Lebesgue-integrable upper bound for the integrand. To bypass this
problem, we change the integration variable λ to the new variable
v :=
√
ε2 − Uλ(ξ),
which represents the radial velocity of the particles. In terms of this new variable,
λdλdεdχ
ξ2
√
ε2 − Uλ(ξ)
= −dvdεdχ
1− 2ξ
,
so the measure becomes trivial, up to the factor 1 − 2/ξ which converges to 1 along the observer’s world line. The
expressions for the current density have the form (cf. (51,52))13
J
(abs)
δ (x) =
m3
1− 2ξ
2pi∫
0
∞∫
1
∞∫
0
pδ−F (abs)− 1(vc(ε,ξ),√ε2−1+ 2ξ)(v)dvdεdχ,
J
(scat)
δ (x) =
m3
1− 2ξ
2pi∫
0
∞∫
1
∞∫
0
[
pδ−F (scat)− + pδ+F (scat)+
]
1(0,vc(ε,ξ))(v)dvdεdχ,
13 Note that the lower limit εmin(ξ) in the ε-integral in J
(scat)
δ can be replaced by 1 since ξ →∞.
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where we have abbreviated F (abs)− := F (abs)i (Gε,λ(ξ, piξ−(ξ)) − τ,Q2, Q3, ε, λ sinχ sinϑ, λ) and F (scat)± :=
F (scat)i (Gε,λ(ξ, piξ±(ξ))− τ,Q2, Q3, ε, λ, λ sinχ sinϑ), where we have defined vc(ε, ξ) :=
√
ε2 − Uλc(ε)(ξ), and where λ
should be substituted by the expression
λ(v, ξ) := ξ
√
ε2 − v2
1− 2ξ
− 1. (99)
Finally, in order to work on a fixed integration domain, we have introduced the indicator function 1(a,b) with respect
to the interval (a, b), which is defined by:
1(a,b)(v) =
{
1 if v ∈ (a, b),
0 if v /∈ (a, b).
According to the hypothesis, both integrands are bounded by a constant times
|pδ|e−βε1(0,ε)(v).
Here, the components of the momentum, pδ, with respect to the static frame defined in equations (69–72) can be
bounded using the explicit expressions given in equations (95–98), where we notice that (see equation (99))∣∣∣∣λξ
∣∣∣∣ ≤ c5ε
and
|piξ±| =
∣∣∣∣∣
2
ξ ε± v
1− 2ξ
∣∣∣∣∣ ≤ c6ε+ c7v
for some positive constants c5, c6 and c7 which are independent of ε, v and ξ. Consequently, both integrands are
bounded by a constant times
εe−βε1(0,ε)(v),
which is integrable. Therefore, we can apply Lebesgue’s dominated convergence theorem and pass the limit τ → ∞
below the integral. In the following, we analyze these limits.
Let us start with the contribution from the absorbed particles, J
(abs)
δ . In this case, both endpoints of the interval
(vc(ε, ξ),
√
ε2 − 1 + 2ξ ) converge to
√
ε2 − 1 when ξ →∞. Consequently, in the limit ξ →∞, the integrand converges
pointwise to zero almost everywhere and hence
lim
t→∞ J
(abs)
δ (γ(t)) = 0.
Next, we analyze the limit of the integrand of J
(scat)
δ . For this, we first notice that vc(ε, ξ) →
√
ε2 − 1 as ξ → ∞,
and hence
lim
ξ→∞
1(0,vc(ε,ξ)) (v) =
{
1 if 0 < v <
√
ε2 − 1,
0 if v >
√
ε2 − 1 ,
Therefore, the limit is zero in the region v >
√
ε2 − 1 (see figure 5). Consequently, in what follows, we may focus our
attention on the complementary region v2 < ε2− 1. The next step consists in determining the limit values of F (scat)± .
For this, we need to understand the limit
lim
τ→∞
[
Gε,λ(v,ξ(τ))(ξ(τ), piξ±(τ))− τ
]
, piξ±(τ) := piξ±(ξ(τ)).
The result is given in the following
Lemma 5 (cf. figure 5) Let ε > 1 and 0 < v <
√
ε2 − 1. Then,
lim
τ→∞
[
Gε,λ(v,ξ(τ))(ξ(τ), piξ−(τ))− τ
]
= −∞,
lim
τ→∞
[
Gε,λ(v,ξ(τ))(ξ(τ), piξ+(τ))− τ
]
=
{ −∞ if v < a(ε),
+∞ if v > a(ε),
where we recall that a(ε) = (ε2 − 1)/(εvobs,∞).
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FIG. 5: The three regions in the (ε, v) diagram which are delimited by the two curves v =
√
ε2 − 1 and v = a(ε) = (ε2 −
1)/(εvobs,∞). In the white region, the integrand defining the observables converges to zero. In the orange region the expression
Gε,λ(v,ξ(τ))(ξ(τ), piξ+(τ))− τ tends to +∞, and in the blue region it tends to −∞.
Proof. We defer the proof of this technical lemma to App. D.
With the help of Lemma 5 it is now straightforward to complete the computation of the asymptotic limit of J
(scat)
δ
along the observer’s path. Using assumption (iii) of the theorem we obtain
lim
t→∞ J
(scat)
δ (γ(t)) = m
3
2pi∫
0
∞∫
1
√
ε2−1∫
0
{
lim
τ→∞ pδ−f−∞(ε) + limτ→∞ pδ+
[
f−∞(ε) + ∆f∞(ε)1(a(ε),∞)(v)
]}
dvdεdχ,
where we recall that ∆f∞ := f+∞ − f−∞. The limits of the components of the momentum can be obtained using
equations (95–99):
lim
τ→∞ p0± = −mε, limτ→∞ p1± = ±mv, limτ→∞ p2± = m cosχ
√
ε2 − v2 − 1, lim
τ→∞ p3± = m sinχ
√
ε2 − v2 − 1.
From this, it is simple to obtain the result given in equation (92). The proof for the convergence of the stress energy-
momentum tensor proceeds in a similar way.
VI. CONCLUSIONS
In this work, we have considered a relativistic, collisionless kinetic gas propagating on the curved spacetime de-
scribing a Schwarzschild black hole. First, we provided a brief review for the formal structure of the theory needed
in this article, including the symplectic structure, the Hamiltonian formulation of the Liouville vector field, and the
lift of Killing vector fields on the cotangent bundle associated with the spacetime manifold. Next, using standard
tools from the theory of Hamiltonian mechanics, we derived the most general distribution function describing the
accretion of a collisionless gas into a Schwarzschild black hole (see Theorem 1). Unlike the previous derivation in [12]
where the same problem was solved in the Kerr case, here we directly exploited the integrability of the Hamiltonian
system and defined the generating function leading to the new symplectic coordinates in which the Liouville vector
field is trivialized through an integral over the Poincare´ one-form. Furthermore, we provided explicit expressions for
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the relevant physical observables on the spacetime manifold, including the particle current density and the stress
energy-momentum tensor.
After these general remarks on the structure of the general solution of the Liouville equation on a Schwarzschild
background, we turned our attention to applications for the accretion problem. We started with the simple case in
which the gas flow is assumed to be spherically symmetric and steady-state, and showed that these assumptions yield a
one-particle distribution function which depends only on the mass m, the energy E and the total angular momentum
` of the particle. The value of ` plays an important role in distinguishing those particle that fall into the black
hole from those that are reflected at the centrifugal barrier. As we exhibited, the former particles contribute to the
accretion rate but not to the particle density n∞ at infinity, while the reflected particles yield a positive n∞ but do not
contribute to the accretion rate. Next, we provided an explicit example in which the distribution function describes
a gas in thermodynamic equilibrium at some temperature T at infinity, and computed the observables as a function
of the inverse temperature β = 1/(kBT ). In the low temperature limit β → ∞ we verified that our results coincide
with those in [48, 49] for the accretion rate that were obtained based on Newtonian calculations. Additionally, we
computed the energy density and radial and tangential pressures prad and ptan at the horizon for β →∞ and showed
that ptan is almost an order of magnitude larger than prad. This provides a partial explanation for the fact that the
accretion is much less intense than in the Bondi-Michel case of a perfect, polytropic fluid case where ptan = prad.
In the final part of this work, we studied the nonlinear stability of the steady-state, spherically symmetric accretion
flows. To this end, we specified initial conditions for the distribution function on a constant time slice satisfying
the following properties: first, the initial distribution function Fi is non-negative and bounded from above by an
equilibrium distribution function. Second, in the asymptotic region Fi converges (in a suitable sense) to a function
f∞(E) depending only on the energy of the particles. Under these assumptions, we proved that outside of the horizon
the observables, including the current density and the stress energy-momentum tensor, converge pointwise to the
corresponding observables associated with the stationary, spherical flow described by f∞(E) along the world lines of
static observers (see Theorem 2). Similar results hold for the convergence along the world lines of timelike, nonstatic
observers with asymptotic constant and positive radial velocity (see Theorem 3). This proves an asymptotic stability
result for the steady, spherical flows of collisionless matter. We emphasize that the initial data is not required to be
spherically symmetric for our result to hold. Of course, the physical explanation for this result is that almost all the
gas particles either disperse or fall into the black hole, so that after infinite time only those particles emanating from
the reservoir in the asymptotic region with distribution f∞(E) are “seen” by the observer.
There are several important questions that have been left unanswered in this work and we would like to conclude
this article by mentioning some of these points. First, although our stability result shows that (under the hypotheses
made in this article) the kinetic gas relaxes in time to a stationary spherical configuration, a physically relevant
problem is to determine the time scale associated with this relaxation process. Here, the distribution of the gas
particles moving on or near the trajectories corresponding to the critical value of the angular momentum `c(E) (i.e.
the value of ` below which the particle falls into the black hole and above which the particle is scattered at the
potential barrier) should play a critical role. Indeed, a “fine-tuned” distribution of particles whose angular momenta
is precisely ` = `c(E) will not decay in time since the particles take an infinite time to reach the unstable equilibrium
point, corresponding to the unstable circular orbit. Of course, this example does not contradict our stability result
since the corresponding distribution function f has the form of a Dirac-delta-distribution in momentum space; hence
it does not satisfy our assumptions. However, an interesting question is to consider a smooth distribution function
(satisfying our assumptions) which is strongly peaked about the critical value ` = `c(E). The instability of the
equilibrium point implies that the peak will disperse in time, and it is precisely this dispersion process that should be
responsible for the decay and dictate its rate.
Next, we emphasize that we have restricted ourselves to the invariant submanifold Γaccr of the relativistic phase
space corresponding to unbounded trajectories. Thus, the results derived so far in this article apply to distribution
functions which have their support in the region of phase space corresponding to such unbounded trajectories. Due
to the linearity of the Liouville equation, the complementary case of bounded trajectories can be analyzed separately;
hence, as long as the self-gravity and collisions between the gas particles can be neglected, our main results will not
be influenced by the contributions from the bounded trajectories. In particular, these contributions affect neither the
accretion rate nor the expressions for the particle and energy densities and pressures at the horizon or at infinity,
and hence our results for the accretion and compression rates persist. Likewise, our stability results in Theorems 2
and 3 will not be altered if a contribution due to gas particles moving on bounded trajectories is added, as long as
the observables Jα and Tαβ in these theorems are restricted to the contributions from the unbounded trajectories.
However, an interesting question is whether or not the full observables including the contributions from gas particles
on bounded orbits still relax to a stationary configuration along the world lines of static observers. This question is
much more difficult to answer since in this case the gas particles do not disperse.
Finally, it should be interesting to explore the situation where collisions are taken into account and see how
they affect the accretion rate. The analysis of this case is much more demanding than the one considered in the
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present article, since it requires solving the relativistic Boltzmann equation including the collision term on the curved
Schwarzschild background geometry. Furthermore, in the collisional case, it is not possible to analyze the different
cases (absorbed vs. scattered vs. bounded trajectories) separately since collisions might mix trajectories of different
types. Nevertheless, it is our hope that the new symplectic coordinates introduced in the this article should simplify
the analysis since they trivialize the transport part of the Boltzmann equation. We hope to address some of these
issues in future work.
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Appendix A: Properties of the effective potential
In this appendix, we briefly discuss the qualitative properties of the effective potential Vm,` defined in equation (27)
describing the geodesics in the Schwarzschild spacetime. Since this is discussed in standard textbooks on general
relativity (see for example [65]) here we focus on the properties needed for the analysis in this article.
In terms of dimensionless variables, we have Vm,`(r) = m
2Uλ(ξ) with
Uλ(ξ) :=
(
1− 2
ξ
)(
1 +
λ2
ξ2
)
= 1− 2
ξ
+
λ2
ξ2
− 2λ
2
ξ3
, ξ =
r
MH
. (A1)
For λ2 ≤ 12 the function Uλ : [2,∞)→ R is a strictly monotonically increasing function from 0 to 1. When λ2 > 12
this function has a local maximum (describing the potential barrier), which is given by
ξmax =
λ2
2
[
1−
√
1− 12
λ2
]
, Uλ(ξmax) =
8
9
+
λ2 − 12
9ξmax
, (A2)
and a local minimum (describing a potential well) given by
ξmin =
λ2
2
[
1 +
√
1− 12
λ2
]
, Uλ(ξmin) =
8
9
+
λ2 − 12
9ξmin
, (A3)
see figure 6. As λ2 grows from 12 to ∞, ξmax decreases monotonically from 6 to 3 (the radius of the photon sphere)
while ξmin increases monotonically from 6 (the innermost stable circular orbit) to ∞. Accordingly, Uλ(ξmax) grows
monotonically from 8/9 to ∞ while Uλ(ξmin) grows monotonically from 8/9 to 1.
Given ε >
√
8/9, the critical value λc(ε) >
√
12 for the total angular momentum for which the maximum of the
potential barrier is exactly equal to ε2 is given by
λc(ε)
2 =
12
1− 4α− 8α2 + 8α√α2 + α, α :=
9
8
ε2 − 1 > 0.
As ε increases from
√
8/9 to ∞, λc(ε) increases monotonically from
√
12 to ∞. For large α we have λc(ε)2 =
24α[1 +O(α−1)]. For the particular value ε = 1, corresponding to the case of particles with vanishing radial velocity
at infinity, we have λc(ε) = 4 and the maximum is located at ξmax = 4.
Likewise, given ε ∈ (√8/9, 1), there is an upper bound for the angular momentum λub(ε) corresponding to the case
where the minimum of the potential well is equal to ε2, which is given by
λub(ε)
2 =
12
1− 4α− 8α2 − 8α√α2 + α.
As ε increases from
√
8/9 to 1, λub(ε) increases monotonically from
√
12 to ∞.
With these observations we can classify the orbits in the following way. For
√
8/9 < ε < 1 the particles are
scattered at the effective potential and fall into the black hole when λ < λc(ε), while the orbits are bounded when
λc(ε) < λ < λub(ε). For ε > 1 the particles are falling into the black hole when λ < λc(ε) while they are scattered at
the potential when λ > λc(ε).
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FIG. 6: The effective potential U(ξ) = Uλ(ξ) as a function of ξ for λ =
√
15.
Appendix B: Some useful integral identities
In this appendix, we summarize some of the integral identities used in the derivation of equations (61–66). Intro-
ducing the shorthand notation s1,2 :=
√
ε2 − Uλ1,2(ξ) we have, for any 0 ≤ λ1 < λ2 ≤ λmax,
λ2∫
λ1
λdλ√
ε2 − Uλ(ξ)
= − ξ
2
1− 2ξ
(s2 − s1) = λ
2
2 − λ21
s1 + s2
,
λ2∫
λ1
piξ±(ξ)
λdλ√
ε2 − Uλ(ξ)
=
λ22 − λ21
1− 2ξ
[
2ε
ξ
1
s1 + s2
± 1
2
]
,
λ2∫
λ1
pi2ξ±(ξ)
λdλ√
ε2 − Uλ(ξ)
=
λ22 − λ21
s1 + s2
( 2εξ ± s1
1− 2ξ
)(
2ε
ξ ± s2
1− 2ξ
)
+
1
3
(
s2 − s1
1− 2ξ
)2 ,
λ2∫
λ1
λ2
λdλ√
ε2 − Uλ(ξ)
=
1
3
λ22 − λ21
(s1 + s2)2
[
λ21(s1 + 2s2) + λ
2
2(s2 + 2s1)
]
.
For the particular in which piξ = piξ−(ξ), the second and third identities can also be rewritten as
λ2∫
λ1
piξ−(ξ)
λdλ√
ε2 − Uλ(ξ)
= −λ
2
2 − λ21
s1 + s2
ε− 1
2
1 +
λ21
ξ2
ε+ s1
− 1
2
1 +
λ22
ξ2
ε+ s2
 ,
λ2∫
λ1
pi2ξ−(ξ)
λdλ√
ε2 − Uλ(ξ)
=
λ22 − λ21
s1 + s2
[(
ε− 1 +
λ21
ε2
ε+ s1
)(
ε− 1 +
λ22
ε2
ε+ s2
)
+
1
3ξ4
(
λ22 − λ21
s1 + s2
)2]
,
which shows that the corresponding expressions are regular on the horizon ξ = 2.
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Appendix C: Explicit expressions in the low temperature limit
In this appendix, we provide some details about the calculations required for understanding the low temperature
limit z = mβ → ∞ in section V A. We start with the computation of the ratio between the mass accretion rate and
the energy density at infinity, that is,
M˙
n∞
=
mjn
n∞
.
Using equation (76) and equation (78) for the particle density at infinity, which we rewrite as
n∞ = 4piαm4
∞∫
1
e−zε
√
ε2 − 1εdε,
we obtain
mjn
n∞
= −pimM2H
∞∫
1
e−z(ε−1)λc(ε)2dε
∞∫
1
e−z(ε−1)
√
ε2 − 1εdε
= −pimM2H
√
z
∞∫
0
e−xλc(1 + xz )
2dx
∞∫
0
e−x
√
2x+ x
2
z
(
1 + xz
)
dx
,
where we have applied the variable substitution ε 7→ x = z(ε− 1) in the last step. Dividing both sides of the equation
by
√
z, taking the limit z →∞ and recalling that λc (1) = 4 we obtain
lim
z→∞
1√
z
M˙
n∞
= −16pimM2H
∞∫
0
e−xdx
∞∫
0
e−x
√
2xdx
= −16
√
2pimM2H .
Next, to determine the particle density at the horizon, we use a similar computation to find from equation (80),
lim
z→∞
1√
z
Jτ
n∞
=
5√
2pi
, lim
z→∞
1√
z
Jr
n∞
= −
√
2
pi
.
Using nH =
√−gµνJµJν∣∣ξ=2 we find
lim
z→∞
1√
z
nH
n∞
=
√
6
pi
. (C1)
Finally, in order to compute the energy density and principle pressures at the horizon, we rewrite equation (81) in
the form
T τ τ = −A−B, T τ r = −A+H, T rτ = A, T rr = A−B, Tϑϑ = Tϕϕ = D,
with
A =
1
4
piαm5
∞∫
1
λc(ε)
2εe−zεdε, (C2)
B =
1
4
piαm5
∞∫
1
λc(ε)
2
2ε
(
1 +
λ2c(ε)
8
)
e−zεdε, (C3)
H =
1
4
piαm5
∞∫
1
λc(ε)
2
4ε3
(
1 +
λ2c(ε)
4
+
λ4c(ε)
48
)
e−zεdε, (C4)
D =
1
64
piαm5
∞∫
1
λc(ε)
4
ε
e−zεdε. (C5)
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In terms of these quantities, the eigenvalues of the matrix Tµν are
λ± = −B ±
√
AH, D.
Dividing the expressions for A, B, H and D by
√
zn∞ and taking the limit z →∞ we obtain
lim
z→∞
1√
z
A
n∞
= lim
z→∞
1√
z
D
n∞
=
√
2
pi
m, lim
z→∞
1√
z
B
n∞
=
3√
2pi
m, lim
z→∞
1√
z
H
n∞
=
31
12
√
2
pi
m,
from which
lim
z→∞
1√
z
ρH
n∞
= lim
z→∞
1√
z
−λ−
n∞
=
1√
2pi
(
3 +
√
31
3
)
m,
lim
z→∞
1√
z
prad
n∞
= lim
z→∞
1√
z
λ+
n∞
=
1√
2pi
(
−3 +
√
31
3
)
m,
lim
z→∞
1√
z
ptan
n∞
= lim
z→∞
1√
z
D
n∞
=
√
2
pi
m.
Together with equation (C1) this yields the results given in equations (83,84,85).
Appendix D: Proof of Lemma 5
To prove Lemma 5 we need to determine the limits
lim
τ→∞
[
Gε,λ(v,ξ(τ))(ξ(τ), piξ±(τ))− τ
]
for fixed 0 < v <
√
ε2 − 1, where the function Gε,λ : C → R is defined in Lemma 3, and where λ(v, ξ) is defined in
equation (99). For the lower sign, piξ−(τ), the limit is −∞ since in this case Gε,λ(v,ξ(τ))(ξ(τ), piξ−(τ)) ≤ 0. This proves
the first statement of the lemma.
The other case is more delicate since here Gε,λ(v,ξ(τ))(ξ(τ), piξ+(τ)) is positive and thus this term may dominate −τ
as τ →∞. To analyze this case we write
Gε,λ(v,ξ(τ))(ξ(τ), piξ+(τ))− τ = τ
ξ(τ)
τ
1
ξ(τ)
ξ(τ)∫
ξ0
2
x
√
ε2 − Uλ(x) + ε(
1− 2x
)√
ε2 − Uλ(x)
dx− 1

λ=λ(v,ξ(τ))
, (D1)
with ξ0 the radius of the turning point, where
√
ε2 − Uλ(ξ0) vanishes. In order to understand the behavior of
the integral in equation (D1) for large τ , it is convenient to change the integration variable x to the new variable
v¯ :=
√
ε2 − Uλ(x) which ranges from 0 to v. More precisely, we consider for fixed ξ = ξ(τ) > ξ0 and λ = λ(v, ξ) the
auxiliary function
Hλ : (ξ0, ξmin) → (0,
√
ε2 − Uλ(ξmin))
x 7→
√
ε2 − Uλ(x),
where ξmin is the location of the minimum of the effective potential Uλ, see equation (A3) in App. A. Since by
definition of ξ0 and ξmin the function Hλ is monotonously increasing, it is invertible. Its derivative is
dHλ
dx
(x) = − 1
2Hλ(x)
dUλ
dx
(x) > 0, ξ0 < x < ξmin.
In order to use the variable substitution v¯ := Hλ(x) in the integral on the right-hand side of equation (D1) we need to
make sure that ξ = ξ(τ) lies in the required interval (ξ0, ξmin). In order to see that this condition is satisfied for large
enough ξ, recall equation (A3) which shows that for large values of λ we have ξmin = ξmin(λ) ' λ2. Furthermore, it
follows immediately from equation (99) that
lim
ξ→∞
λ(v, ξ)
ξ
=
√
ε2 − v2 − 1. (D2)
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Hence,
lim
ξ→∞
ξmin(λ(v, ξ))
ξ2
= lim
ξ→∞
λ(v, ξ)2
ξ2
ξmin(λ(v, ξ))
λ(v, ξ)2
= ε2 − v2 − 1 > 0,
which guarantees that for large enough ξ we have ξ < ξmin. Therefore, for such large ξ the variable substitution
v¯ := Hλ(x) is allowed and we can write
1
ξ
ξ∫
ξ0
2
x
√
ε2 − Uλ(x) + ε(
1− 2x
)√
ε2 − Uλ(x)
dx
∣∣∣∣∣∣∣
λ=λ(v,ξ)
= −2
ξ
v∫
0
2
x v¯ + ε(
1− 2x
)
dUλ
dx (x)
∣∣∣∣∣
x=H−1λ (v¯),λ=λ(v,ξ)
dv¯. (D3)
In order to compute the required limit for ξ →∞ we use:
Lemma 6 Let ε > 1 and 0 < v <
√
ε2 − 1. Then,
lim
λ→∞
H−1λ (v¯)
λ
=
1√
ε2 − v¯2 − 1 (D4)
for all 0 ≤ v¯ ≤ v.
Proof. Set x := H−1λ (v¯). By definition, x > ξ0 > 3, and hence
ε2 − v¯2 = Uλ(x) =
(
1− 2
x
)(
1 +
λ2
x2
)
≥ 1
3
(
1 +
λ2
x2
)
.
This implies that λ/x is bounded as λ→∞, which in turn implies that x→∞ as λ→∞. Consequently,
lim
λ→∞
λ2
x2
= lim
λ→∞
ε2 − v¯2
1− 2x
− 1 = ε2 − v¯2 − 1
which proves the lemma.
With the help of the limits given in equations (D2,D4) we find
lim
ξ→∞
ξ
dUλ
dx
(x)
∣∣∣∣
x=H−1λ (v¯),λ=λ(v,ξ)
= lim
ξ→∞
ξ
λ(v, ξ)
[
−2λ
3
x3
+
2λ
x2
+
6λ3
x4
]
x=H−1λ (v¯),λ=λ(v,ξ)
= −2(ε
2 − v¯2 − 1)3/2
(ε2 − v2 − 1)1/2 .
Hence, it follows from equation (D3) that
lim
ξ→∞
1
ξ
ξ∫
ξ0
2
x
√
ε2 − Uλ(x) + ε(
1− 2x
)√
ε2 − Uλ(x)
dx
∣∣∣∣∣∣∣
λ=λ(v,ξ)
= ε
v∫
0
(ε2 − v2 − 1)1/2
(ε2 − v¯2 − 1)3/2 dv¯ = ε
v
ε2 − 1 .
Therefore, using equation (D1) we obtain
lim
τ→∞
1
τ
[
Gε,λ(v,ξ(τ))(ξ(τ), piξ+(τ))− τ
]
= lim
τ→∞
ξ(τ)
τ
1
ξ(τ)
ξ(τ)∫
ξ0
2
x
√
ε2 − Uλ(x) + ε(
1− 2x
)√
ε2 − Uλ(x)
dx− 1

λ=λ(v,ξ(τ))
= vobs,∞
εv
ε2 − 1 − 1 =
v
a(ε)
− 1
for all 0 < v <
√
ε2 − 1. This implies the second statement of Lemma 5.
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